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Clustering is one of the most popular unsupervised techniques

Clusters in the data are regions where observations group together
-> regions of high data density

clusters may correspond to a prototype from which observations are
obtained via noise perturbations

Clustering extracts structures and can identify new data classes
important application of clustering: data visualization

observations are represented by prototypes: vector quantization
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Mixture models locally assign in the feature space a component which
represents a cluster.

Component j out of [ components has parameters like location tt; and
width or shape 3J;. It has in every case a weight w; that gives the local
probability mass.

generative framework: w; is the probablllty p(7) of choosing
component 7, which has density p(x | j,0;), where 8,; summarizes

the parameters of component

0 summarize all parameters, which gives the generative model

p(z | 6) Zp p(x | j,0;)
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For clustering, Bayes' formula can be used:
. p(w|j70j) p(])
p(j | =, 0
1200 =" iz o)

Observation & is assigned to the component 5 with largest posterior
p(j | =, 0)

Before an observation was seen, each component or cluster has the
prior probability; after observing data some clusters may be more or
less probable of having produced the data, therefore the prior
probability changes to the posterior.

Mixture components can be Poissons, or negative
Binomials as used at our institute for analyzing sequencing data.
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0

—Inl =

00;

log-likelihood In L

derivative with respect to parameters Oj of component 7 is

n

Z :cz|0

Z Inp(x; | )
=1

l
p(k pwilk,e p(j | zi,0;
; 90, g Z

we used Bayes' formula

p(j | s, Hj)

6;) p(J)

p(z: | 0)

L

hlp(mz |.77

The derivative of the log-likelihood of the model with respect to the
parameters of the j-th component:
posterior expectation of the derivative of the log-likelihood of

component j
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We will now consider mixture of Gaussian (MoG): 0; = (u;,3;)
p(wi |.770_7) — p(wi |j7u'j72j) ~ N(“’J ) 2_7)

l
pw]0) = > w; N(p;, ;)

j=1
ij = 1, w4 >0
L _ 1 _
N, Z) (@) = o) ™8 e (<) @ - w)” = - )

Exponential distributions like the Gaussians are convenient because
the logarithm inverts the exponential function:

: m 1 1 _
np(z | jips, Ej) = — 5 Wm@2r) — , W|E] - o (= - pi)' B (@ — py)
derivatives

0
| s ) = o1 — s
8“3 np((ﬁ'j,[,l,], .7) J (iB ,‘l’J)
0

. 1 T —1 | T «-T
o Inp(z | j, s, 25) = (&) + o i (& — ) (@ — py) X
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“tr” is the trace operator
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=1
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Constraints:

l

new __
E (F =1
i—1

Lagrangian fothe constrained optimization problem for the w; :

n l l
= DD v | mio s, %5) Inwf™ + WmD(w |7) — M| D wj™ — 1
i=1 j=1 e

Setting the derivative to zero:

D) @)+ (y = 1) (@) - X =0

8w3 ij | @i, 5, D

S bl ms ) G~ 1) = Aup
=1

n l l
Zzp(j|wiaﬂj,2j) +1l(y -1 =\ Zw;;ew

i=1 j=1 j=1
n+1l(y—-—1 =X

We obtain new _ i1 PU @i, 85) + (v — 1)
’ n+1(y —1)

Summing over 3:
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Derivatives of the posterior with respect to parameters of mixture
components are set to zero:

(9u3

gradient with respect to Zj_l

8L 8L 9xT;'
823 823_1 82]
We obtain

az 1

1

2

where we used
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Oln |U|

_, OL
J 82.—1
J

— U1 for

must be zero, too:

_ 31
U =%

ijlmw“’g: )BT (@ — p) + 0S5 (v - o) =
=1

— Zp]|m“p,], i) (Zj — (i — pj) (& — Mj)T) +

(29' - n (v — py) v — Hj)T) + 3 (a—(m+1)/2 — ¥ =
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Default hyperparameters:

o = T
2
1 1
v = 2I OR ¥ = 2(:ovaur(a:)
v =1
n =0
v; = mean(x)

A prior on the mean is in most cases not useful except a preferred
region is known.

The posterior p(J | i, 44, 3;) can be used for clustering: data
belongs to the cluster for which the posterior is largest.
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l
Mixture of Poissons with countdata z : p(z) = Z w; P(x;A;)
j=1

P is the probability mass function of the Poisson distribution:

1
P(x;\) = ol e N \2

: w=(w,...,w
Bayes framework for model selection: ( 1 » Wi )
Cee

A= (A, At)

p(z | w,A) p(w) p(A)
[p(z | w,\) p(w) p(A) dw dX

posterior:  p(w, A | z)
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Dirichlet prior w' = (’w2, ,’wl) Wy :1—23_2 W
[
—1
p(w) = D(w'vy) = b(y) J]w}]
71=1

Each component w; is distributed according to a beta distribution:
Vi

mean(w;) = .
mode(w;) = :Yy‘l:;
o) = B0
l
Vs = Z%:
j=1
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Prior on )\ is a uniform distribution on (0,1 /] : p()\j) = 1
posterior of the model parameters:

p(a: | w, A) p('w)
[p(z | w, ) p(w) dw dA

p(z | w,A) p(w) p(A)
[p(x | w,A) p(w) p(A) dw dA

- (11,) p(z | w, ) p(w)

p(w,\ | x)

where ¢(z) is independent of the model parameters
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- logp('w, A | x) =
L !
= Z w; P(z; ;) — logp(w) + log(c( Z 7‘%)\)

= — ij log (w; P
j=1
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upper bound on log posterior with new variables and one data point
~ l A
”wj, ijl wj =1

— log (p(z | w,A) p(w) / c(z)) =

— log Z w; P

(z;A;) — logp(w) + log(c(z))

@; logp(w) + log(c(x))

Zw] logw; + log(c(x))
j=1

(z;45)) — logp(w

where we applied Jensen's inequality and for

w; = p(J T, Ww, \ J we obtain
P = PTIBN) =, A
log Y PE"B;)‘J') = logp(x | w,A) and the inequality becomes an
Wy
equality
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old ( old )
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X wi® Pz Aj

10 Boltzmann wj’& p— ld ld
Machines .
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Machine
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|Boltzmann Machine

optimal parameters
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upper bound B on the 1/n scaled negative log-posterior for all data:

n l n l
1 1 N “
B = — 3>y log(w; PaiA) — | logp(w) + > Y iy logiy,
=1 j=1 i=1 j=1
+ 1 i log c(x;)
n — 8L

Sepp Hochreiter
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8 Biclustering s.t. E w; = 1
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8.2 Overview Methods Lagrangian: 7=1
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8.4 Examples

n l l

Zzwjilogwj — 11% logp(w) + p ij -1

i=1 j=1 j=1
9.3 EM / Baum-Welch 1 < ! :
9.4 Viterby = — = E E Wi logw; — E ) logw; + E w
9.5 Input Output HMM n 7t & J & I p 1
J:

9.6 Factorial HMM i=1 j=1 j=1
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9.8 Tricks of the Trade . .
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S|

S| =

10 Boltzmann oL 1 n 1 1
Machines - = = — wjii _

10.1 The Boltzmann awj n “ w; n w;
Machine

10.2 Learning
10.3 Restricted 1 n
|Boltzmann Machine - Wy

(vi =1 + =0 multiplying by w;
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1
Summationoverj: 1 + — (ys — 1) = p
n
Inserting this expression:
_:&i=1wﬂ (’73_1)"‘(1"‘(%_”) wj =0
~ 1
wnew_wj—l_n(f)/j_]') R lnA
j 1 _ wj = Wy
I+ - (Vs [ n ‘i

Note that:
w = o) = pGwN) = [pelwX de = [pG]zwN) pe ] wX) de
. 1 . 1< A
= Ep(w|w,)\)(p(.7|x7wa)‘)) ~ ﬁ Zp(]|xi,'w,)\) = niji = W,
1=1 i=1
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N 1 <
Optimizing )\, : min | — = Zzwﬂ logP(x; Aj)

logP(xi;A;) = — log(z;!) — A; + z; log()Aj)
the derivative of the objective with respect to A; is

1 < i\ .
— ﬁ ; (— 1 + >\7) W4

Multiplying by Aj and solving for it:

n A
\new 2 i—1 Ti Wjs
J - S W

i=1 i
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9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby

9.5 Input Output HMM
9.6 Factorial HMM
9.7 Memory IOHMM
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann
Machines

10.1 The Boltzmann
Machine

10.2 Learning

10.3 Restricted
|Boltzmann Machine

update rules:

’lsz' =
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S
|
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Mixture of Gaussians: Initialization

7 Clustering

7.1 Mixture Models
7.2 k-Means

7.3 Hierarchical

7.4 Similarity-Based

8 Biclustering

8.1 Types of Biclusters
8.2 Overview Methods
8.3 FABIA

8.4 Examples

9 Hidden Markov
|Models

9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby

9.5 Input Output HMM
9.6 Factorial HMM
9.7 Memory IOHMM
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann
Machines

10.1 The Boltzmann
Machine

10.2 Learning

10.3 Restricted
|Boltzmann Machine

L

initialization of the MoG:

(13 ”

em .

“rnd”:

(13 ”

svd

Machine Learning: Unsupervised Methods

first several low tolerance fast runs then a precise slow run
random initializations and pick the best

. singular value decomposition to find a good initialization
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Mixture of Gaussians: Example

L

7 Clustering MoG: init em MoG: init rnd
7.1 Mixture Models
7.2 k-Means

7.3 Hierarchical " 7
7.4 Similarity-Based 4z-r Mtk
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8 Biclustering

8.1 Types of Biclusters
8.2 Overview Methods %\ %
8.3 FABIA ¥ & o
8.4 Examples
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9 Hidden Markov o e 3 3o
|Models

9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby X X

9.5 Input Output HMM ‘i L

9.6 Factorial HMM MoG: init rnd+ MoG: init svd
9.7 Memory IOHMM
9.8 Tricks of the Trade S A,
9.9 Profile HMM 5
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10 Boltzmann
Machines

10.1 The Boltzmann
Machine

10.2 Learning i % %) * » %9
10.3 Restricted
|Boltzmann Machine 3
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Mixture of Gaussians: Constraints

7 Clustering MoG for the iris data set

7.2 k-Means
7.3 Hierarchical

7.4 similarity-Based | constraints on the parameters:

8 Biclustering » “spherical’: covariance matrix is a multiple of the identity

52 oo e« “diagonal”: diagonal covariance matrix (clusters along axis)

8.3 FABIA o X ”, . . .
8.4 Examples volume”: weighting factor or prior for the components

9 Hidden Markov

IModels univariate mixture:
9.1 HMMs in Bioinf. "E" = equal variance (one-dimensional)
9.2 HMM Basics "y = variable variance (one-dimensional)
gi \E/'l/' /faum-WeIch multivariate mixture:
-+ viterby "EII" = herical 1 vol
9.5 Input Output HMM |~ >~ spaericar, equal voiume
9.6 Factorial HMM VII = spherical, unequal volume
9.7 Memory IOHMM "EEI" = diagonal, equal volume and shape
0.8 Tricks of the Trade| "VEI" = diagonal, varying volume, equal shape
9.9 Profile HMM "EVI" = diagonal, equal volume, varying shape
10 Boltzmann ::VVI:: = diagona}, varying volume and shape . .
Machines EEE = ellipsoidal, equal volume, shape, and orientation
10.1 The Boltzmann "EEV" = ellipsoidal, equal volume and equal shape
Machine "VEV" = ellipsoidal, equal shape
10.2 Learning "yyy" = ellipsoidal, varying volume, shape, and orientation
10.3 Restricted . single component:
|Boltzmann Machine . . .

X = univariate normal

"XII" = spherical multivariate normal

"XXI" = diagonal multivariate normal

"XXX" = elliposidal multivariate normal

%

Machine Learning: Unsupervised Methods Sepp Hochreiter



Mixture of Gaussians: Example

7 Clustering

7.1 Mixture Models
7.2 k-Means

7.3 Hierarchical

7.4 Similarity-Based

8 Biclustering

8.1 Types of Biclusters
8.2 Overview Methods
8.3 FABIA

8.4 Examples

9 Hidden Markov
|Models

9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby

9.5 Input Output HMM
9.6 Factorial HMM
9.7 Memory IOHMM
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann
Machines

10.1 The Boltzmann
Machine

10.2 Learning

10.3 Restricted
|Boltzmann Machine
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Mixture of Gaussians: Example

7 Clustering

7.1 Mixture Models
7.2 k-Means

7.3 Hierarchical

7.4 Similarity-Based

8 Biclustering

8.1 Types of Biclusters
8.2 Overview Methods
8.3 FABIA

8.4 Examples

9 Hidden Markov
|Models

9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby

9.5 Input Output HMM
9.6 Factorial HMM
9.7 Memory IOHMM
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann
Machines
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10.2 Learning
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Mixture of Gaussians: Example

L

7 Clustering true clusters spherical, unequal volume: 3 comp.
7.1 Mixture Models 8 5% s % MoG
7.2 k-Means =) 80& = 3'.. i
7.3 Hierarchical 8 4 applled to
.. . o [ ]
7.4 Similarity-Based 2 o mu Itlple
8 Biclustering o~ . .
8.1 Types of Biclusters &&. e, o e %‘ &E oo o o tissues: 76
8.2 Overview Methods ) Y N &) ) e o® i
8.3 FABIA © L o o o - £ | genes with
8.4 Examples e ®_o ° ©
0 B0 0 B0 o Iargest
9 Hidden Markov £ see £ . sqe| variance
|Models o o o e® % g o . 00 %%
9.1 HMMs in Bioinf. T T T T I T T N T T T T T T
9.2 HMM Basics « :
-15 -10 -5 0 5 10 -20 -15 -10 -5 0 5 10
9.3 EM / Baum-Welch Spherlcal’
9.4 Viterby Comp.1 Comp.1 unequal
9.5 Input Output HMM spherical, unequal volume: 4 comp. diag., varying vol. & shape: 4 comp. 9 "
9.6 Factorial HMM volume
8 g% 8 g8
9.7 Memory IOHMM | _ & - o & S
9.8 Tricks of the Trade B - Yot
9.9 Profile HMM o} e .-
o e | “diagonal,
10 Boltzmann
Machines g‘ﬁ . . a * . . equal
10.1 The Boltzmann °©°e o & °© Ce o volume
Machine % ° e R I © % e JR o)
10.2 Learning ° .'. ° o .'. ° va ry|ng
10.3 Restricted . W o °% . W o °% o
. ] [ ]
|Boltzmann Machine ":.o o gee ":‘o o gae Shape
o o e® % g o . 00 % &
T | T I T | 1 T | T I | | |
-20 -15 -10 -5 0 5 10 -20 -15 -10 -5 0 5 10
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Mixture of Gaussians: Example

true clusters

7 Clustering * r
7.1 Mixture Models o | %‘;
7.2 k-Means ° o
7.3 Hierarchical o - °
7.4 Similarity-Based 8 ., o o

o - % ° : :‘
8 Biclustering 2 o %o.°
8.1 Types of Biclusters| " | s “.f:.o... . q":
8.2 Overview Methods |o o o8 %o
8.3 FABIA b ! ' ' ' '
8.4 Examples 20 1 -10 - 0 >

Comp.1

9 Hidden Markov spherical, unequal volume: 4 comp.
[Models o | & &
9.1 HMMs in Bioinf. |~ ,
9.2 HMM Basics o A o®
9.3 EM/ Baum-Welch ol
9.4 Viterby o - ""'.. *e ° o oo
9.5 Input Output HMM o o%" o
9.6 Factorial HMM | - Safo o °
9.7 Memory IOHMM | _ . % A%

9.8 Tricks of the Trade|" 1 T T T T T
9.9 Profile HMM -20 -15 -10 -5 0 5

Comp.1

10 Boltzmann spherical, unequal volume: 6 comp.

=20 -15 -10 -5 0 5

Machine Learning: Unsupervised Methods

Machines 8 &

10.1 The Boltzmann |® 8%

Machine ° o°

10.2 Learning 7

10.3 Restricted K - o g

[Boltzmann Machine ° . ..-3 .
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k-Means Clustering

<

7 Clustering

7.1 Mixture Models . . . .
k-means clustering is probably the best known clustering algorithm
7.3 Hierarchical

7.4 Similarity-Based

8 Biclustering k-means clustering is obtained from mixture clustering if the model

8.) Dypesof Blclustersl 4 ssumptions are simplified:
1

8.3 FABIA . - 1
8.4 Examples equal'welght (equal volume) for each component..wj = 7
© Hidden Markov - spherical and equal (between components) covariance ;' = I

|vodels « hard (discrete) cluster membership (a sample belongs to a cluster
. n nr.
9.2 HMM Basics. or not)
oaviaty "l The only remaining parameters are the cluster centers.
9.5 Input Output HMM
9.6 Factorial HMM .
9.7 Memory [OHMM A sample belongs to the cluster with the closest center:
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann p(J | wi,“j) = {

Machines
10.1 The Boltzmann

Machi i : . .
np e Center updates (according to the mixture model: mean of members):

10.3 Restricted n n n

|Boltzmann Machine W 1 .
pio = . Z Ti n; = ZP(J|miaﬂj72j) = Z 1

i=1, j=Cu, i=1 i=1, j=ca,

1 ifj = cp, = argming ||&; — pxl|
0 otherwise

Machine Learning: Unsupervised Methods Sepp Hochreiter



k-Means Clustering

7 Clustering

7.1 Mixture Models
7.2 k-Means

7.3 Hierarchical

7.4 Similarity-Based

8 Biclustering

8.1 Types of Biclusters
8.2 Overview Methods
8.3 FABIA

8.4 Examples

9 Hidden Markov
|Models

9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby

9.5 Input Output HMM
9.6 Factorial HMM
9.7 Memory IOHMM
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann
Machines

10.1 The Boltzmann
Machine

10.2 Learning

10.3 Restricted
|Boltzmann Machine

Given: data {x} = (z1, 2, ..., x,), number of clusters !

BEGIN initialization
initialize the cluster centers p;, 1 < 5 <1
END initialization

BEGIN Iteration

Stop=false
while Stop=false do
for (6=1;4¢ > n;i++)do
assign x; to the nearest p;
end for
for (j=1;j >1;j++)do

1 n
e =y,

end for
if stop criterion fulfilled then
Stop=true
end if
end while
END Iteration

Machine Learning: Unsupervised Methods

L

k-means
algorithm
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k-Means Clustering

7 Clustering

7.1 Mixture Models
7.2 k-Means

7.3 Hierarchical

7.4 Similarity-Based

8 Biclustering

8.1 Types of Biclusters
8.2 Overview Methods
8.3 FABIA

8.4 Examples

9 Hidden Markov
|Models

9.1 HMMs in Bioinf.
9.2 HMM Basics

9.3 EM / Baum-Welch
9.4 Viterby

9.5 Input Output HMM
9.6 Factorial HMM
9.7 Memory IOHMM
9.8 Tricks of the Trade
9.9 Profile HMM

10 Boltzmann
Machines

10.1 The Boltzmann
Machine

10.2 Learning

10.3 Restricted
|Boltzmann Machine

k-means clustering

« fast

* robust (outliers)

« simple (advantage or disadvantage)
« prone to initialization

center near some outliers - center will stay on the outliers even if

some cluster are not modeled

Machine Learning