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Principal Component Analysis (PCA), Karhunen-Loéve transform (KTL),
Hotelling transform makes a transformation of the coordinate system:

« data has largest variance along the first coordinate

 second largest data variance is along the second coordinate
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summarize multivariate data by PCA via projecting observations onto
the first principal components: for visualization the first two

data {ml, To,... ,wn} summarized by X = (331, Lo, ... ,:Bn)
data matrix X e« R"xXm

rows of the data matrix contain the observations
columns contain the features

We assume that the features have zero sample mean
(otherwise, the feature mean must be subtracted)
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sample covariance matrix C € R™*™ of features across observations is

Cst = 1 ins Tt » Where LTis — (wz)s and it = (ml)t
n =1
1 T 1 T

c =" XX = ~UD, U
n n

where U ¢ R™*™ is orthogonal and D,, ¢ R™*™ diagonal
This is the eigendecomposition or spectral decomposition of C', which
is a symmetric positive definite matrix

diagonal entries of D,, : eigenvalues (positive, sorted decreasingly)
column vectors u; = [U]; : eigenvectors (principal components)

first principal component corresponds to the largest eigenvalue

assume thatn > m and at least m linear independent observations
—=> C has full rang (often ensured by unsupervised feature selection)

Sepp Hochreiter



Principal Component Analysis

3 Principal
Component Analysis

3.2 Variance
Maximization

3.3 Uniqueness
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Machine Learning: Unsupervised Methods

singular value decomposition (SVD)

X = vVvDU"

where U € R™*™ and V € R®»*™ are orthogonal, D € R**™ is diagonal
with positive entries, the singular values, sorted decreasingly

Computing XT X we see that D,, = DT D (the eigenvalues are the
singular values squared) and U is the orthogonal matrix from PCA.

PCA projection: Y = XU = V D

SVD automatically provides the PCA projections via VD
For single observations x the projectionis ¢ = UTx

PCA is a matrix decomposition problem: X — YUT
where U is orthogonal, Y7 ¥ = D,, (they are orthogonal,

decorrelated), and the eigenvalues D,,, are sorted decreasing;
for single observations thatis « = U y
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outer product representation:

m m
§ : T E : T
=1 1=1

u;is the 1-th orthogonal column vector of U

V; is the 1-th orthogonal column vector of V'
Y, = Dy v;
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Iterative methods for PCA:
current projectionis t =

new u—l—n(taz—t2u)

Uu p—
where n7is the learning rate

ul x then Oja's rule is

The eigenvectors of C are the fixed points of Oja's rule; only the
eigenvector with largest eigenvalue is a stable fixed point

Ee(u™v) = u + nEg (2(z’u) — (u'z)(@"u) u) =
u + 7 (Egx(@aDu — (uTEy(aa)u) u) =
u + n (Cu — (u'Cu) u)

If W is an eigenvector of C with eigenvalue A then

Ee(u™) = u+n(Au — Au) = u
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The first principal component w1 is the direction of maximum variance:
n

n n

uw; = argmax Z (uT :13,;)2 Z(uTmi)Q = Z(uTwz) (zfu) =
|ul[=1 i=1 =1 i=1
n
uTZa:iw;Tru = nulCu
1=1
T 2
u Cu = Z)\-a-
i=1 o w=>) " au Yl a0 =1

This sum is maximal fora; = 1,a; = 0,7 # 1 because A1 > \; >0

principal components are the direction of maximal variance orthogonal

to all previous components:
k—1 n
2
:I}f’ = X; — Z (’af wz) Ut wp = argmaXZ(uT wf)

— lull=1 =

inductively been proved analog to the first principal component
first [ components span [-dimensional space of maximal variance
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Is there only one PCA solution? X — Y UL
U isorthogonal, YT Y = D,,, D,,is diagonal with sorted values

PCA is unique up to signs, if the eigenvalues of the covariance matrix
are different from each other (proof: see manuscript).

At most one eigenvalue can be zero, which can be removed.
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 first [ principal components span [-dim. space of maximal variance

l
E ul C u; st. ul uj=d;

=1

« projections onto PCs have zero means:
l iuT €r; = ’u,T 1 iiﬂ = UTO =0
n p k % k n - ? k

« projections onto PCs are mutually uncorrelated (orthogonal):

3w e e = S e (@F w)

i=1

1 n
= = Zu? (x5 1) ug
i=1

n
1 n
= uf ( E wza:f U,
n
i=1
T T
=u, Cus = A\su; us = 0
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the sample variance of the k-th projection is equal to the k-th
eigenvalue of the sample covariance matrix:

n

1 2 1 & 1 &
" z:Zl(uzcc%) = n zzzluz (51:7,:1’231) up = uf (n Z:ZlccZ w?) up = quuk. = A ufuk = A
» PCs are ranked decreasingly according to their eigenvalues
l
« The first [ PCs minimize the mean-squared error: ¢ = ) uy ujz
mean-squared error is k=1

E(le — 2|°) = E(z"z — 227 & + &"%)

l l
= E (’I‘r (zz’) — 2 Tr (Z uy, ufar:a:T> + Tr (Z wuy, ufa:wT>)

k=1 k=1

l l l
= Tr (E (zz™) — 2 Zuk uLE (zz”) + Zuk ulE (mmT)) = Tr (C’ — Zuk qu)
k=1 k=1 k=1
l m m l
= Tr (C - Zuk ufZ)\kuk uf) = Tr (Z)\k U 'u,f — Z)\kuk u;f)
k=1 k k=1 k=1

=1

= TT(Z )\kuku£> = Z )\k’ﬂ(ukug) = Z )\kTT(ufuk) = Z )\k
k=l+1 k=l+1 k=l+1 k=Il+1
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Iris Data Set
Importance of components:

Comp.1 Comp. 2 Comp.3 Comp.4
Standard deviation 2.0494032 0.49097143 0.27872586 0.153870700

Proportion of Variance 0.9246187 0.05306648 0.01710261 0.005212184
Cumulative Proportion 0.9246187 0.97768521 0.99478782 1.000000000

the first principal component explains 92% of the variance in the data
—> features are correlated which is captured by PC1
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Multiple Tissue Data Set

gene expression values microarray
human and mouse
102 samples
5,565 genes
different tissue types
» breast (Br)
» prostate (Pr)
e lung (Lu)
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13 genes
with largest
variance

PC1
separates
the prostate
samples
(green)

PC2
separates
the colon
samples
(orange)

PC3
separates
the breast
(red) and
lung (blue)
samples
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Principal Component Analysis

. PC1 and PC2 - PC1 and PC3
3 Principal . ~ « e T oo oo o e
Component Analysis - o . . l o °, 5 genes
3.1 The Method s o4 o fo | 2 5 % -
3.2 Variance =748 ° IS 2 oo:o ° '.'J& .| with
Maximization IargeSt
3.3 Uniqueness £ g ° o o .
5 o g ° g [ oo
3.4 Properties PCA o °e, S o e variance
&
b o | 20°®

3.6 Kernel PCA T T .I T T T T YR i .'I T T T T T .

-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8 St'” PC1
4 Independent Lot 7oy U7y Separates
Component Analysis |—— - . PC1 and PC4 - PC2 and PCS. th
4.1 Identifiability and g N o e
Uniqueness g |= . s 1oy oo e e o8 W . ¢ prostate
4.2 Measuring T 7] Sl ° o 2 °e s o PY I R |
Independence il B %o ° ogh °| B 7 PR ) samples
4.3 Whiteningand | 5T . o [° ] Ra ° (green)
Rotation Algorithms |, . | ' }
44 INFOMAX T I I I I | I | (I\l _I I I I I I.
4.5 EASI 8 5 4 3 2 0t 4 2 0o 2 4 8 However
4.6 FastiCA Comp.2(18%) Comp.1(77%) th
4.7 ICA Extensions = e BCAARd-ROA~ — P20 Rlh o other
4.8 ICAvs. PCA tissues are
4.9 Artificial ICA Y _ -
Examples £ L. ool T - Lo difficult to
410RealWorld ICA [¢® 8 o] %pse °© 09 m, ¥ o -? £ o ° %L, B separate
Examples A° e o o o°° ° o _ A ° °
4.11 Kurtosis ! . | .
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Principal Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

4 out of 5 genes are highly correlated:

ACPP KLK2 KRT5 MSMB TRGC2
ACPP 1.000000000 0.97567890 -0.004106762 0.90707887 0.947433227
KLK2 0.975678903 1.00000000 -0.029900946 0.89265825 0.951841913
KRT5 -0.004106762 -0.02990095 1.000000000 -0.05565599 0.008877815
MSMB  0.907078869 0.89265825 -0.055655985 1.00000000 0.870922667
TRGC2 0.947433227 0.95184191 0.008877815 0.87092267 1.000000000

GeneCards database:

« ACPP “is synthesized under androgen regulation and is secreted by
the epithelial cells of the prostate gland”

o KLK2 “is primarily expressed in prostatic tissue and is responsible
for cleaving pro-prostate-specific antigen into its enzymatically
active form” (KLK3 is the PSA gene)

« MSMB “is synthesized by the epithelial cells of the prostate gland
and secreted into the seminal plasma”

Machine Learning: Unsupervised Methods Sepp Hochreiter
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA

genes which are not correlated to each other - clustering & prototype

Correlation of XMultiF4

o ABP1 ACPP AKR1C1 ALDH1A3 ANXAS APOD
i Kxam‘l’lféA ABP1 1.00000000 -0.1947766 —0.04224634 -0.21577195 -0.2618053 -0.3791812658
‘o erne ACPP  -0.19477662 1.0000000 —0.22929893 0.88190657 —0.2978638 0.4964638048

AKR1C1 -0.04224634 -0.2292989 1.00000000 -0.07536066 0.4697886 -0.1793466620
ALDH1A3 -0.21577195 0.8819066 -0.07536066 1.00000000 -0.1727669 0.4113925823
ANXA8 -0.26180526 -0.2978638 0.46978864 -0.17276688 1.0000000 -0.1863923785
APOD -0.37918127 0.4964638 -0.17934666 0.41139258 -0.1863924 1.0000000000

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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3.2 Variance
Maximization

3.3 Uniqueness
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3.5 Examples
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4.6 FastiCA
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Examples

4.10 Real World ICA
Examples
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10 uncor-
related
genes

tissues are
not as well
separated
as with
maximal
variance

—> highly
variable
genes
missed
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Principal Component Analysis

3 Principal
Component Analysis

5.1 The Method hierarchical clustering and variance maximization within one cluster:
3.2 Variance 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18

Maximization 682 126 1631 742 347 797 196 104 44 35 5 8 12 5 12 14 5 71

3.3 Uniqueness 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

3.4 Properties PCA 22 8 16 32 48 72 2 93222256 954 7 4 2 16 26

22 EZ":‘:;‘I";:EA 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54

' 3 8 42 1 9 1 7 14 1 2 8 3 220 3 2 9 7

4 Independent 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72

Component Analysis 3 2 1 5 2 2 1 11 3 9 3 3 3 3 1 2 3

4.1 \dentifiability and 73 T4 75 76 77 T8 79 80 81 82 83 84 85 86 87 88 89 90

Uniqueness 11 1 1 2 2 1 31211212211
4.2 Measuring 91 92

Independence

4.3 Whitening and 1 1
Rotation Algorithms
4.4 INFOMAX
4.5 EASI

4.6 FastICA

4.7 ICA Extensions
4.8 ICAvs. PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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Principal Component Analysis

Conprer o 92 genes
3.2 Variance uncorrelated
MaX|m!zat|on but maX|ma|
3.3 Uniqueness . o .
3.4 Properties PCA ‘o %o, VArlance
’ o0 e® ® [} r
3.5 Examples % 2% F
3.6 Kernel PCA T T T T T T T * ..
0 5 10 s 0 : 10 s very similar
4 Independent = = oMz = iz CompTTE t i
4.1 |dentifiability and T et based
Uniqueness s @ e %o o0 feature
4.2 Measuring °© B°g, 0 e 5;.8"'0 . % °8°, ° o8 )
Independence o 0% E °] e %0 . ~gselection
4.3 Whitening and R i o °c .1 ° \
Rotation Algorithms ° oo ° | o2
4.4 INFOMAX : : : , . : : « «o PC3
0 0 -5 0 5 10 -5
4.5 EASI i ‘ separates
4.6 FastICA Comp.2(13%) Comp.1(24%)
4.7 ICA Extensions L3 and BCA e BL2-and BCA ——~vrrer breast (red)
4.8ICAvs. PCA i Y I i o from lun
4.9 Artificial ICA S P o 8 e e ¢« o ‘ g
LEES ° ° = °
Examples o °|C S * o @ ° ) ° %o o °, (blue) samp.
b .‘ ° oe ® .". 0 0% % = * [ o %0 %, o e
4.10 RealWorld ICA | © E 2 et %o 0 e ®0 of B Oy ee * oas@w e,
° S o 3% o o°® oo 3 ® & o @2 ®
Examples . — . - s ae - ° . —— o ‘jl_.._ 5
4.11 Kurtosis ". ° ° q'. °
Maximization °. : . , . 0 | . —

Machine Learning: Unsupervised Methods

Sepp Hochreiter



Principal Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Correlation as distance measure for clustering

Genes 2964 and 4663 are constant!
First remove these genes

Machine Learning: Unsupervised Methods
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

PC1 and PC2

PC1 and PC3
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Principal Component Analysis

3 Principal
Component Analysis

5.1 The Method Kernel Principal Component Analysis or kernel PCA (KPCA)
3.2 Variance extends PCA to nonlinear projections using kernel techniques

Maximization
3.3 Uniqueness

3.4 Properties PCA linear operations of PCA are performed in a reproducing kernel Hilbert

3.5 Examples : :
o Komel BOA space to which the vectors are non-linearly mapped

4 Independent r @ (w)

Component Analysis

4.1 Identifiability and Assume data is centered in the feature space:

ni n
Uniqueness n

4.2 Measuring ] o ) ]
Independence E ®(x;) = 0 covariance matrix in feature space is given by
4.3 Whitening and -

Rotation Algorithms 1=1

4.4 INFOMAX 1 - gram matrix:

4.5EASI _ - . .

4.6 FastiCA ¢ = n Zﬂ?(mz) G K = Z?:l <I>T(a:i)<I>(a;i)
4.7 ICA Extensions =1

4.8 ICA vs. PCA
4.9 Artificial ICA We search for
Examples

4.10 Real World ICA Cw = \w Problem: we onIy have

Examples

4.11 Kurtosis Kz = k(wz,wj) — @T(mj)é(wz)

Maximization

Machine Learning: Unsupervised Methods Sepp Hochreiter



Principal Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Principal components can be only in directions, where the data
has variance (PCA maximizes the variance).

We restrict the solutions to the span of {<I>(5131), ceey (I)(mn)}

Vics<n: Qw)!®(zs) = Aw' ®(zs) =

(C w)T®(x,) = w'C ®(x,) Cw=Aw

The solutions of these equations are unique in the span of the mapped
data vectors and correspond to eigenvectors of C' in the span.

n
w = E a; P(x;) Inserting this equation gives
1=1

A Za T (x;)®(x;) =

e Y o @) (@) #7) | (@)

n

Machine Learning: Unsupervised Methods Sepp Hochreiter
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Machine Learning: Unsupervised Methods

Gram matrix K with K;; = &1 (x;)®(x;)
We obtain from the last equation: n A\ K a = K? «

solve the eigenvalue problem n A a = K o

The eigenvectors have to have length 1:

(n7n)
1 = wlw = Z Q; O ‘I’T(wj)q’(f"i) =
ij=(1,1)
(n,n)
Z oo Ky = alKa = n)ala
ij=(1,1)
2 _
PAlel =1
’ la|| vV A

lel] =

v A

Sepp Hochreiter
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Machine Learning: Unsupervised Methods

The projection onto the eigenvectors can be computed as
= Zai @T(mz)@ r) — ZO&L‘ k‘(iBz,ZB
=1 1=1

data centering in feature space:

1 — 1 —
P (x - P () P(x;) — nZ@(mt) =
t=1 t=1
] — ] —
&7 (z;)P(x - — =S dT(z,)®
@) () — > &7 (@)B(@;) — | > #(m)B(w) +
, ()
Y 2 (@)2(x)
(s,t)=(1,1)

Sepp Hochreiter
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3 Principal 1 n
Component Analysis - E : @T(mt)q)(wz’) —
n t=1

Lk 1]

3.1 The Method n

3.2 Variance

Maximization 1 <&

3.3 Uniqueness — Z‘PT(%’)‘I’(%) =

3.4 Properties PCA n —1

3.5 Examples

3.6 Kernel PCA 1 (n,m) T 1 T
5oy T(z)e(z) = ,1"K 1

4 Independent n (s,t)=(1,1) n

Component Analysis

4.1 Identifiability and

Uniqueness

4.2 Measuring

Independence 1 1 1

4.3 Whitening and T T T T

Rotation Algorithms K- K11 - 11K + ) (1 K 1) 11

4.4 INFOMAX n n n

4.5 EASI -
4.6 FastiCA new data point:

coonmron | k(@) = (K@z),... k(z,@)"
4.9 Artificial ICA

Examples
4.10 Real World ICA 1 1

1
Examples k(z,) - ~ K1 - —1Tk(=z,)1 + -, (1TK 1)1
4.11 Kurtosis ( ) n n ( ) n? ( )
Maximization

)

1
n

1TK]

i

centered kernel matrix:

Machine Learning: Unsupervised Methods Sepp Hochreiter



Principal Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Machine Learning: Unsupervised Methods

Given: gram matrix K with K;; = k(z;, ;)
Centering
. 1 1 1
center the Gram matrix K Kk - K117 - 117K + ; (1"K1)117

Eigenvalues

compute eigenvectors ¢ and eigenvalues A of the Gram matrix K
Normalization o

normalize eigenvectors o i = W
Projection of a new vector

project a new vector & onto eigenvectors by center and project it

1 1 1
k(z,) - K1 - ank:(a:,.)l + 5 (1"K 1)1

wl®(x) = Zoz &7 (x,)®(x) = Za k(zx;, )

Sepp Hochreiter
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

* *
* T |x T
* e
7;’; 7@\(\ 7?; %\6
(0% e (% 7
i~ % T Z

.;:‘_".
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Principal Component Analysis

3.1 The Method ?&/
3.3 Uniqueness 0 5HAIIHE
3.6 Kernel PCA | l

3 Principal
Component Analysis eval=0.34 eval=0.35 eval=0.60 eval=1.14
3.2 Variance
Maximization Thy
3.4 Properties PCA (1) ; CELER S WS BT O LA
3.5 Examples 0 [ ; ; )

—0.5

-1

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions 1
4.8 ICAvs. PCA
4.9 Artificial ICA 0.5
Examples
4.10 Real World ICA 0
Examples . 05
4.11 Kurtosis —1
Maximization

s
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Machine Learning: Unsupervised Methods

Independent component analysis (ICA): statistically independent
components

ICA differs from PCA:

 |CA does not maximize the variance,
* |CA does not enforce orthogonal projection or demixing matrices,
« |CA aims at statistically independent components,

 |[CA components are not ranked.
Uvy

Generative: I — independent sources:

l
Descriptive: Yy = W x p(y) = Hp(yj) [<m
wW=U"1 =1
T
matrix decomposition: X — Y U
YTY = D,, - decorrelated but even statistically independent

U is not required to be orthogonal
Sepp Hochreiter
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

!
The outer product representationis X = Z yju;
71=1

u; j-th column vector of U
Y; j-th column vector of Y

two speakers speak independently; microphones record acoustic signals

\
Blind Source | ""--.__.Sgﬁr;fd
Separation / Signals

Machine Learning: Unsupervised Methods Sepp Hochreiter
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3 Principal
Component Analysis - » - P -
3.1 The Method Orlglnal G@E (95 (95 @E (95
3.2 Variance
Maximization

3.3 Uniqueness
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA M iXtU res. U@g U@g U@g U@g E@g

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness : . = ~ ~ P B
4.2 Measuring Demixed by ICA: O § ¢ ¢ 4
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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3 Principal
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3.3 Uniqueness
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4.1 Identifiability and
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4.2 Measuring
Independence

4.3 Whitening and
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4.4 INFOMAX
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4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA
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Examples
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Examples
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Independent Component Analysis

3 Principal
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3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA
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Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
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4.6 FastiCA
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Examples
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Examples
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ICA vs. PCA

Machine Learning: Unsupervised Methods
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis

4.2 Measuring
Independence

4.3 Whitening and
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ICA solutionis notunique: ¢ = U P ! Py

another solutionY’ wehave Y’ = PY
with Y'Y’ = D!

Theorem 1 (Darmois’ theorem (1953))
Define the two random variables x1 and x4 as

1 = Zajyj and x9 = ijyj
j=1 j=1

where y; are independent random variables. Then if 1 and x2 are independent,
all variables y; for which a;jb; # 0 are Gaussian.

if two variables are independent from each other and they are a
weighted sum of independent variables, then they are constructed by
mutually different variables.

The exception in the theorem are Gaussian distributions.

Machine Learning: Unsupervised Methods Sepp Hochreiter



Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Y = PY
P cannot mix the statistically independent components of y
= P is a product of a permutation and a scaling matrix

The ICA solution is for non-Gaussian sources unique up to
permutation and scaling

ICA assumptions:
 non-Gaussian sources

« | < m atleast as many observation as sources
e U has full rank [

Let | = m, and U~1 € R™*™ exists = generative framework
generative framework: assumptions on the densities p(y;)

approximated by super-Gaussians or unimodal distributions
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objective for measuring independence
p(yz | Y1y s Yi—1,Yi4+1,5- - - 7yl) — p(y’b)

more than pairwise independence
Two criteria for independence:

 mutual information between components
* non-Gaussianity of components
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Mutual information: entropy of a factorial code is larger than the
entropy of the joint distribution

l
I(y17°°'7yl) — ZH(yJ) o H(y)

where H denotes the entropy H(a) = — /p(a,) Inp(a) da
y = Wa=a
I(y1,--ym) = Y H(y;) — H(z) — In|W]

j=1

where |W| is the absolute value of the determinant
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Non-Gaussianity

H(y)

where Ygauss is @ Gaussian random vector with the same covariance
matrix as y

Negentropy: J(y) = H(Ygauss)

maximizing the negentropy = minimizes mutual information
Gaussian: distribution with max. entropy given mean and variance

—> negentropy is closely related to entropy maximization

estimation of the negentropy is difficult
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non-Gaussianity is measured by other parameters, e.g.
fourth cummulant, the kurtosis

k1 = E(x) = 0

0 Gaussians:
Ky = E(z7) k3 = Kg =0
k3 = E(z°)
ke = B@h) — 3(E@@?)

positive kurtosis: super-Gaussians (smaller tails than Gaussians)
negative kurtosis: sub-Gaussians (larger tails than Gaussians)

Forxiand o independent:  k4(x1 + T2) = Ka(x1) + Ka(x2)

ke(a ) ot Kk4(x)

For super-Gaussians the kurtosis should be maximized because
mixtures have a smaller kurtosis than the original sources.

Sepp Hochreiter



Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs. PCA
4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

maximizing the kurtosis = maximizing the sparseness

Sparseness: variable rarely deviates from zero; it deviates the values
are relatively large compared to Gaussian with the same variance.
—> sparseness does not mean small variance
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kurtosis: fourth moments - not robust; affected by outliers

contrast functions: measure independence of the variables:
 kurtosis: k4(y)

.« 5 K3(y) + 45 K3(y), where the variable y is normalized to zero

mean and unit variance

* |[E,(G(y)) — E.(G(v))?, wherevis a standardized Gaussian, p=1,2,
and y is normalized to zero mean and unit variance. Here G can be
the kurtosis for which G(v)=0 would hold. Other choices for G are
G(z) = log cosh(az) and G(z) = exp(—ax?/2) with a > 1
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whitening and rotation

independence measured by non-Gaussianity, e.g. FastlCA

whitened or sphered data: YT v

I

X =YU”T

Y = XxXUT

first step in ICA: sphere data because ICA is not unique up to scaling

I =

A

U =

Y =

c-12 L xrx o2 1
n n
|

C

L ¢c-1/2y is orthogonal

n

$

Vn x Cc-12 c\2y-T —
Vn

e VVruyTyuT c? =

1 C—1/2 U UT C—1/2
n

C~'%is symmetric U7 is orthogonal

1

J/n

X C—1/2 0—T

1

Jn

xXc12gp

First whitening X C~1/2 then determine orthogonal U (rotation)

Objective of rotation is super-Gaussian (kurtosis) or sparseness
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INFOMAX minimizes the mutual information between components

the entropy H(g(y)) is maximized, where g(y) = (9(v1),9(v2), - - -, 9(%1))
W
Maximal entropy: I(g(y1),...,9(y1)) ZH(Q y;)) — H(g(y)) =

71=1

and the components (g(y1),--.,9(y)) are statistically independent

common choice: g(y;) = tanh(y;)

o) = p@)| Y | — @) 0w
oWy W]

generative framework: ¢'(y;) = p(y;)
g represents a (transformed) probability function
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Entropy: H(g(y)) =

l
E(- Inp(g(y)) = H(z) + E leng’(yj)l + In|W|

n l
1
H@) + 33 gl + n[W]

y = Wz, S
i=1 j=1
tanh:

B : o, 9y N T
g(y;) = tanh(y;) gives ow; Ing'(y;) = 7 () x = —2g(y;) x
sigmoid:

W) = -+ gives 0 Ingy) = (I — 2 g(y) ="
I\Yi) = 1 4+ e Y ow; J J
0 1
s In|W| = (WT
2 mw| = (W)

Machine Learning: Unsupervised Methods

Sepp Hochreiter




Independent Component Analysis

3 Principal

Component Analysis .
tanh:
3.1 The Method 0 —1
T T
3.2 Variance 7H(g(y)) — (W ) — 2 g(y) €
Maximization
3.3 Uniqueness

3.4 Properties PCA sigmoid:
3.5 Examples 8

3.6 Kernel PCA ~a,H@g(y) = (WT) )

4 Independent
Component Analysis

4.1 Identifiability and
Uniqueness
4.2 Measuring

Update rules:

Independence .
4.3 Whitening and tanh! T — 1 T
Rotation Algorithms ‘ ‘ / ‘ ‘ / _

4.4 INFOMAX A X ( ) 2 g (y) £
4.5 EASI

4.6 FastICA Singid:
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ettt AW o (I + (1 — 2g(y)) y') W
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EASI  Equivariant Adaptive Separation via Independence (EASI)

Update rule:

AW <« (I - yy" — gy)y” + yg"'(v)) W

nonlinear functions g are the same contrast functions as for INFOMAX
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FastlCA: probably the most popular ICA algorithm
» whitening and rotation algorithm

« FastICA is a fixed point algorithm (like Oja's rule for PCA)
e Kkurtosis maximization but extended to other contrast functions

w™" = E(z g(w’ z)) — E(¢'(w" z)) w
contrast function: g with derivative g

FastICA has been extended to extract multiple components

Sepp Hochreiter
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3 Principal _ ICA extensions:

Component Analysis .

3.1 The Method e generative approach

52 varlaroe « sub-Gaussian distributions with specific assumptions

3.3 Uniqueness * non-linear extensions which are often not unique

2‘5‘ E;‘;f:;f: PCA « overcomplete basis more sources than observations [ > m
3.6 Kernel PCA » fewer sources than observations [ < m

4 Independent
Component Analysis |CA vs. PCA:

4.1 Identifiability and

Lnigueness independent component analysis principal component analysis
.2 Measuring
Independence causes of the data geometrical abstractions
4.3 Whitening and
?ﬁ‘;&ﬂi‘;{ithms statistical independent decorrelated (orthogonal)
4.5 EASI explain super-Gaussians explain all variance
4.6 FastiCA
scale invariant not scale invariant

‘éfaf\nfslf'eja' ICA unique up to scale and permutation  unique
4.10 Real World ICA assume super-Gauss no assumptions
Examples
:/i”_"f’m,s's no ranking ranked by eigenvalues

aximization
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_ o @
< Q) %g) % @) Oo 0 CSD
o) ) o) ®§ )
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Component Analysis e R o 3 ? % OQD O
- o ® ® o 88~ 000 &
4.1 Identifiability and o _| D 0 o 0(9 &o @ () & . O o}
Uniqueness ~ 00® 00 R 8 0@ 009 9@ o
q 08) (&Oo 06 Q® o 8 ] 8 @
4.2 Measuring 00080 26 &K % ® & © 500
: g~ 09%° " e omBpo GD@)OO
Independence 0 %de% el @ O@ e I%° 0
4.3 Whitening and © 0 @ e o @ © Q)%OO %@8@@0@
Rotation Algorithms s c? °®23 05, @ o oo - S o
(e} fe) (@]
s A e @%‘w%" 8%
: o &o
4.6 FastiCA D 20 & q o Oocgjogooo o O
' og® o 0°3 @°B R &
4.7 ICA Extensions % 090 Up @, 000 '

o O% (o) (ﬁ o (26) 004 00 %@
4.81CAvs. PCA . 5 5 o 08 &% Baeg so
4.9 Artificial ICA 4 ogf o Oo@ &, e S % % gZ° R 2
Examples %P o o o° c;ocg %))@80% 3 €S o
4.10 Real World ICA o ©o @ © o o0
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3.5 Examples L P S %} Q0 O B 0% "o o;%)g)o o 0S5O0 2°
3.6 Kernel PCA S S0 BT, of 0 B 2o o ZEIRBRC DG o° cdner
. S £ @cgooocp@ocg DS %3%%%&3 oooc?OO%%S gégoqgo S
2] g fral o8 wdb s gy R
4 Independent . 0 g%, o FPTa 308500 B, 98 G 0O 8 P %% 0c®° 00 P &8N0
Component Analysis o ° g ©g,2°% 800@0% 3o © oF, B, ° g8 B 0" £0°F B R 6
< % ® O Q)0£(8000 qmo%axéj 8% o %OOOOO 0090
4.1 \dentifiability and | %%%D%& 6?@"@% d@gﬁfgf’o 555 og it el st PR TIPRON S XL
[T} T o o O
Unigueness 2| 3 b o°o§oo° ol 5 AL LR
4.2 Measuring , o8 ‘% %000 0 om o T S T | 1 | |
Independence z b 0 b- z- -60 -40 -20 0 20 40 60
4.3 Whitening and : o~ : : ' - : B
(@] o
Rotation Algorithms T 8 o(% 0% o &oo%'g%&% a8 H A | v
4.4 INFOMAX e AT Mg ST D
) 002’080%3&00@05)00&
4.5 EASI ° Pgel e BB R G aste U L 700 o)
: % g\éo ° P @9 _oQ %O@Oogoooo 09, @
4.6 FastiCA oo 85 85 OF Biogog 2900 0 | ) %8 |
4.7 ICA Extensions of%’g%%%)gg@o@ $_Tfo gbo8 5o o0 58 [ G S %8
4.8 ICAvs. PCA gve?c;%%og T2 T e 0@ o, o é) @) OO
ifici 00ca- B0 @(90000@% &O@O@O&g ~ o (b& ’é) @)
4.9 Artificial ICA 00 08 (SRHE 2 By QO )
Examples ) § %@008%’ ogcgg»o@égjoo 890 @ - & oo — 'O
4.10 Real World ICA 83 g upoe 0008 %G
E. I °© %9@% OCSOO 3080 o&%gé%o &)(9 0050 | =
Xamples &o@%é’oo oo ® © 890 °
4.11 Kurtosis 22 % o, o;%og; @o % 9080(?8 o&f ° @g@o -
Maximization 82 o ?2@@ Od’oog@g&p@‘? %% o

Machine Learning: Unsupervised Methods Sepp Hochreiter



Independent Component Analysis

3 Principal Toy example with super-Gaussians:
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Iris Data

ICs ordered according to their impact on the observations given by the
mixing matrix

First independent component explains 90% of the variance in the data

Probably IC1 expresses the size of the blossom
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Multiple Tissues Data

« |C1 separates the prostate samples (green) and the breast samples
(red) from the colon samples (orange) and the lung samples (blue).
Thus, IC1 separates internal organ tissues (colon and lung) from
secretory or reproductive organ samples.

» |C2 separates the prostate samples and the lung samples from the
breast samples and the colon samples.

 |C3 separates the prostate samples and the colon samples from
the breast samples and the lung samples.

All combinations of the first 3 ICs lead to nice separations except
for breast samples and lung samples for which some samples cannot
be clearly assigned to one of these two classes.
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genes are correlated to IC1:
"SERPINA7" "LAMB3" "AR" "CCNG2" "KLF5" "CCL20"
"SLC39A14" "ATP1B1"  "GSTP1" "LAD1"

androgen receptor (AR) 3rd most related gene to IC1 which separates
prostate and breast samples:

« growth / differentiation of prostate gland is regulated by androgens
e androgens play a role in normal breast physiology
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3.1 The Method Gaussian.
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3.5 Examples

We assume that Y1 and Y2 are zero centered, symmetric (not

3.6 Kernel PCA )
skewed), and independent of each other.
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E@; v3) = v1 v
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4.4 INFOMAX 2 2 2 2 2
4.5 EASI Ok 4a°b (—a (m1 — 3v1) v + b%vy (mz — 31}2))
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The second order derivatives are:

ok = 1 4b? (—3a4v1 (m1 — 31}2) vo+
0a? (a2v1 + b2vy)* '
bt vg (—mg + 31)%) + a?b? (Smgfvf +3 (m1 — 811%) vg))

6%k _ 1 402 (a4,vl (_ml + 3’02> Vot
da? (a%vy + b2vy)* !
3b%v1vz (—ma + 3v2) + a2b? (3mav? + (5my — 240%) v2))
0%k B 1 ) )
da 0b (a2v1 + bzv2)4 8ab (a U1 (ml _ 3,,,1) Vot

b vg (m2 — 31}%) — 2a%b? (mgfv% + (m1 — 61}%) ’U%))

gzlz(a 0) =0
32’; 05 = (‘:2"3; 3u3) Smaller zero!
Zz’;(o b = 0
a; (a,0) = ° (_m;;;;’”%) o2 Smaller zero!
aang(o by =0
aing(“’o) =0
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For the last root of the derivatives we get
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0%k vy (mq —

3v1)3
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4 Independent
Component Analysis
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b% (movi +
3

_ . (
902 (a,b) = abz(a,b) =

v (m1 — 31)1)3

(m2 — 31)2)

(my1 — 6v2) v3)°
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3/2
8 (m1 — 3’0%)4'03 <vl(m2 302))

(m1 —3’01 )’Uz

02k AL
s7icaBersins | 9. O b? (mavi + (m1

4.9 Artificial ICA 1/2
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The eigenvalues of the Hessian are proportional to

1/2
| (m1—3v%) Vo /

‘1 = v1 (Mo — 3v3)
1/2

my — 3v?) v

es ox 1 + ( ! 1) 2

v1 (Mg — 3v3)
It is impossible that both eigenvalues are negative as required by a

maximum. Therefore the maxima are either @ = 0 or b = 0 for which
the Hessian is negative semidefinite.

If the kurtosis k2 > k1 thena =0

If the kurtosis k1 > ko thenb=0
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5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Factor analysis describes the variability of observations in terms of
unobserved latent variables, called factors, and noise

« factors explain correlation between the variables
e remaining variance is explained by Gaussian noise

factor analysis is a generative approach and models both the noise of
the observations and their correlation

assumptions on the distribution of factors and noise
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centered data: {x} = {x1,...,x,}

r — Uy + € where ¥ ~ N(O,I) and € ~ N(O,‘I’)
\_'_’ L'J

signal noise
e Observations -——--—---mmmmmmmmmm e x € R™
¢ NOISE ~=mm=mmmmmmmmmm e e e R™
e Factors ------mmmmm e c R!
 Factor loading matrix---------=-=--m-m-mnmn-- U c RmX!

« Diagonal noise covariance matrix ------- ¥ ¢ R™MX™ paramete

x|y ~ NUy,7¥)
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matrix decompositon: X = Y UL + Y

model assumptions: 1 Y'Yy =1

n
Yt =0

1
Y'Y = v
n

we obtain:

1

nXTX:;(YUT+‘I‘)T(YUT+'r)
1 T T 1 T 1 T T 1 T
U (- YY|)UuT + “UuYTY + — YTy UuT + - YTY
n n n n

=UUT + ¥

factor analysis is actually a decomposition of the covariance matrix
C='XTX

into an expression of the two parameter matrices.

Machine Learning: Unsupervised Methods Sepp Hochreiter



Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

fewer factors than features: m > [
diagonal W : noise of the components are is independent

correlations between observations can only be explained by factors
1
decomposition of the covariance matrix: n XX =vu? + ¥

parameter estimation>maximum likelihood: expectation-maximization

both parameters explain the variance in the observations:

U explains the dependent part

W explains the independent part
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factor z

loading matrix A

observations x

noise ¢
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Estimation of factors: “projection of the data onto the factors”

regression setting: Y = X A _V\llhereAis parameter
least squares solution: A = (X' X) X'y

model assumptions and empirical approximations:

UUT + & = Var(z) = ~ XT X

S

U = Cov(z,y) =~ 7%LXTY
estimation for A: A=E ((XT X)_1> E(X'Y)

- (UUT + 9)' U

Y = X (UUT + ®) U

P>

matrix inversion lemma:

Y =Xv'U (I +Ue'UT)”
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outer product representation for [ factors: X =

u; : j-th column vector of U
Y; : j-th row vector of Y

communality €; of an observation variable x; (3-th component of x ):

l
> k=1 Ak
l
i + Dopm1 Mo

proportion in x; explained by the factors

. — Var(z;) — Var(e;) _
7 Var(z,)

Here each factor y; contributes:
Like with PCA, the projection onto [ factors maximizes the
variance in the data which can be explained by [ factors.

However factor analysis considers only the signal variance (not noise)
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factor projections are orthogonal to each other: leYTY =1

factors are not unique up to orthogonal transformations (rotations):

YU = YVVTUT =Y'U'" with orthogonal V'

projections rotated to make the factors more interpretable or to find
simpler structures:

« Varimax rotation: maximizes the squared loadings of a factor on all
the variables; each factor has either large or small loadings of any
particular variable; each variable is assigned to a factor.

e Quartimax rotation: minimizes the number of factors needed to
explain each variable; each factor explains many variables; in most
cases not interpretable.

« Equimax rotation: compromise between Varimax and Quartimax.
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x|z ~ N(Az, ) z is given - only noise distribution

First and second moment of the data (factor and noise):

E(x) = E(Az + €) = AE(z) + E(e) = 0,

E(zxz") = E((Az + €)(Az + ¢7) =

AE (z z") AT + AE(2)E(e") + E(2)E(e) A" + E(e€") =
AAT + @

Distribution of the data:

r ~ N(0, AA" + ¥)

observations are Gaussian distributed
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A EM-algorithm: hidden states are the factors
5.3FAvs. PCA & ICA

5.4 Artificial E | 7 7 7. A old old

Sipmdmeresl  Qi(2Y) = p (2| b A%, w0
5.5.1Iris
5.5.2 Multiple Tissues “old” is skipped in the following

6 Scaling & Projection ZZ | CL’Z ~ N (,,l.zilwi, Ezzlwz)
6.1 Projection Pursuit
6.2 Multidim. Scaling T —1
6.2.1 The Method Maijgi = (wz) (A AT + \Il) A
6.2.2 Examples
6.3 Non-negative —1

Matrix Factorization 2z1|mz = I — AT (A AT —|— \I') A —I-
6.3.1 The Method

6.3.2 Examples —1 : ; —
6.4 Locally Linear (A AT -+ lI’) SBZ ((Ez)T (A AT -+ lI’)
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6.5 Isomap we Used
6.5.1 The Method
6.5.2 Examples U N([LU,EUU) , u ~ N(MU,EW) ,
6.6 Topographic Maps
6.6.1 The Method Yuw = Covar(u,v) and X,, = Covar(v,u) :
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6.7 t-D. Stochastic -1 _ -1 )
Neighbor Embedding v | u ~ N (,‘I"U + E’U’U'Eu'u, (u ﬂu) ’ Zvv + Zvuzuu 2uv

6.7.1 The Method
6.7.2 Examples and
6.8 SOM

5.2 Examples E(zz) = AE(zz2") = A

1
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i — —-1/2
Qz(z) = (271') d/2|2zi|mi /

1 -1

exXp _5 (zi - Fl’z’i|:ci)T zi|@t (zi — Nzi|a:i)

lower bound for the likelihood:
log (p(x* | A, ®)) =
Qz(zz) p(wia zi | A7 \II)
RP Qi(z")
- p(x’, z" | A, )
Q:(z*) log .
e i) Qi(2)

log dz'| >

dz

expectation

Machine Learning: Unsupervised Methods

Sepp Hochreiter



Factor Analysis

5 Factor Analysis
5.1 The Model

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Machine Learning: Unsupervised Methods

dl [

M-step maximizes log L = 210g (2m) — 210g|\I'| —

1< | - | |
— E,ijgi [ (2° — A2Y) &1 (' — A2°
2 2B (( ) e ))

optimality criteria
1

!
12: - i (0
ZVAlog[, = 1 v 1AEzz'|wi (Z (z )T) -

=1
1 l
ZZ‘I’_l ' Eijgi (2Y) = 0
1=1

and l

Vylogl = — ¥~ +

l
;ZEz”wi (‘I’_l (ZBZ — Azi) (ZBZ — AZi)T\I’_l) = 0
=1
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Solving above equations gives:

1 l . ) 1 ¢ . . -

ADeW 7 sz Ez’|wz (zl) Z ZEzzlwz (zz (zZ)T)
i=1 =1

and
Phew

l
. 1 i new _ 1 1 new _i\ 1
diag l;Ezz|mz ((w — A z ) (:13 — A < ) ) —

1 l . . 1 L . .
diag | ;> @' (@) = | D Bujer (21) @ (A™")
i=1 =1

l
1 . .
7 E Ezilmi (z") AneW(wz)T —+
=1

l
1 : :
/ Y Eaipws (2 (29)T) Am™ (AP™)T
=1
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Loading matrix update gives
l l
1 % 1 1 1 2
7 ;Ezqmi (z* (1)) 1 le Exijai (2°)
which can be inserted into the update of the noise covariance

l 1 new 1
> oneterm T 2oiz1 Baijei (2°) A2V (')

Anew

cancels

grew = fdlag Zm ()T ZEzzlmz )zt (APe™)T
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EM updates:
E-step:
Ezilmi (Zz) - “zilmi

M-step:
Anew —
1< . 1 | -
— ZCI}Z Ezilwi (z’) o ZEzi|wi (zz (Zz)T)
i=1 i=1
wneW —

fdlag sz (%) ZEzzlwz (%) 2 (Ame™)"
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Speed Ups:
o4 mitoa Benlee | M8L1IX inversion lemma: d > p (compute in p-dimensional space)
soame = | (AAT + W) = @ - WA + ATETIA) T AT

5.5.2 Multiple Tissues

6 Scaling & Projection w1 can be evaluated very - diagonal matrix

6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
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6.3 Non-negative 1 l ) )

Matrix Factorization 1 L 1 —
6.3.1 The Method I Z T Eyijqi (z ) -
6.3.2 Examples =1

6.4 Locally Linear
Embedding

l
1 i inT -1
6.4.1 The Method Z Z§=1: T (IB ) (A AT 4 \I’) A —

covariance C only once computed.

6.4.2 Examples

6.5 Isomap

6.5.1 The Method T _1
6.5.2 Examples ( ) —
6.6 Topographic Maps C A A + \II A
6.6.1 The Method -1

662 Examples C (\If‘lA — UA(I + ATE®IA) AT\II_lA) _
6.7 t-D. Stochastic

Neighbor Embedding (

6.7.1 The Method C

A—- AI + B 'B
S:Z.ZSI(E)XGmpIes ) A — \Il_lA.

6.8.1 The Method _ Txar—1 _ T
6.8.2 Examples B — A \Il A — A. A
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1 l
=1

I

AT (AAT + @) A +

(AAT + ®) }Za} (@)T ] (A AT + ®) =

(v
(¥
(

—1

\\ 1

— AT UTA + ATE A (T + ATEIA) T ATE A+
CTIA (T + AT®TIA) T ATETY) C©
OIA (I + AT\II_lA)_lAT\IJ_l) =

- B+ B(I + B 'B +
A(I + B)~ AT) C (\I:—l ~ A + B)_lAT)
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l
1 T
I ;” =at Paijai
1=
1

l
AT (A AT + @) ;Zw ()" ] (AAT + ®)TA =
=1
'C(AAT + ®)TA =
T

AT (AAT + @)

(A ~A(I + B)‘lB) C(A ~ A + B)_lB)

sums Zﬁﬂ are removed and the matrix C can be computed
once at the beginning of the iterative procedure
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MAP factor analysis p(A, ¥ | {z}) o p({z}|A,¥)p(A)
posterior p(A, ¥ | {z})

likelihood p({x} | A, W)

prior p(A)

log-posterior

log (p(A, ¥ [ {z})) = log(p({z} | A, ¥)) + log(p(A))
example for the prior: rectified Gaussian Nyect (4a, 01 )

- only positive factor loading values

y; ~ N (pa,on)
)\j = max{yj,O}
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factor analysis

causes of the data

explain common variances
variance shared

scale invariant

additive noise (variance lost)
solution not unique

model assumptions
solution depends on [
projection uses noise

no ranking

Machine Learning: Unsupervised Methods

principal component analysis
geometrical abstractions
explain all variance

first [ with max. variance
not scale invariant

No noise

solution unique

no assumptions

first { unique

No noise

ranked by eigenvalues
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factor analysis

additive noise

solution not unique
assumption: Gauss

projection averaged over noise

solution depends on [

Machine Learning: Unsupervised Methods

independent component analysis
No noise

unique up to scale & permutation
assumption: super-Gauss

Nno noise

does not depend on [
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5 Factor Analysis . .
5.1 The Model Mixing:
5.2 MLE FA

5.3 FAvs. PCA &ICA

6000

5.5 Real Examples
5.5.1 Iris
5.5.2 Multiple Tissues

4000

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples e}
6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples I I I I i I
6.8 SOM

g-g-; EheMethod -4000 -2000 0 2000 4000 6000
.8.2 Examples

0 2000
I

-2000
I

-4000
I
o
O
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Factor Analysis

5 Factor Analysis .
5.1 The Model fastICA:
52MLE FA o
5.3 FAvs.PCA &ICA ° o

5.5 Real Examples o
5.5.1 Iris 0O
5.5.2 Multiple Tissues @)

6 Scaling & Projection 8 @
6.1 Projection Pursuit N — (©)

6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization O -
6.3.1 The Method
6.3.2 Examples
6.4 Locally Linear
Embedding

6.4.1 The Method AN
6.4.2 Examples
6.5 Isomap

6.5.1 The Method
6.5.2 Examples o)
6.6 Topographic Maps < [0)
6.6.1 The Method ' o
6.6.2 Examples o

6.7 t-D. Stochastic oo
Neighbor Embedding o)

6.7.1 The Method ©
6.7.2 Examples I
6.8 SOM [ | | | | [
6.8.1 The Method

6.8.2 Examples -8 -6 -4 -2 0 2 4
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs.PCA &ICA

5.5 Real Examples
5.5.1 Iris
5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

factor analysis:

demixing is
worse than with
ICA

factor analysis
assumes
normally
distributed
factors while
ICA super-
Gaussians

- |CA better
suited

Machine Learning: Unsupervised Methods
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

Iris Data Set only one factor:

Factor Analysis on the Iris Data

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

0.0 0.5 1.0 1.5

-0.5

-1.0

-1.5

6.8.1 The Method I !
6.8.2 Examples -1.5 -1.0

Machine Learning: Unsupervised Methods

| | T T |
-0.5 0.0 0.5 1.0 1.5
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Multiple Tissue Data Set: 4 factors
n features with largest variance ensure a full rank covariance matrix.
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

ML2

ML4

ML4

-2

none: FA1 and FA2

ML1

none: FA1 and FA4

e o L]
o’ °
o’ e
e ¢ ©
° 0' ° e, &
e *° '0.0000’.%..0 °
o °
wl. W
o % ° °
© e o0
°
T T T T T
-2 -1 0 1 2
ML2
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ML3

ML3

ML4

-2

none: FA1 and FA3
[+]

° o
o 8 o ° R ° o
o e o o ° © °
°oe
°
‘ ® ® [}
° ©'e JeP
° .’. ® B%e oo.... e
@ .f. ‘ ® ®e L
e® o @ 8 8
e o ° .
T T T T T
-2 -1 0 1 2
ML2
none: FA3 and FA4
[ ] ° *
* °
o‘ b
€ o
° °. ® o0 © ) OQ:o
@ & o ° %y ]
° o. 'oé. ‘.. e o t@? ° 0 ©
o oo o
° ° o o°
T T T T
-1 0 1 2
ML3

FA without
rotation

FA1
separates
prostate
(green)

FA2 separates
breast (red)
from lung
(blue) -

not very good

FA3 separates
colon (orange)

FA4 separates

part of lung
(blue)
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Factor Analysis

varimax: FA1 and FA2 varimax: FA1 and FA3

2 FA with
varimax
rotation

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

separation

is slightly
_ worse that
C without

02.. $o o rotations

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples ML ML2
6.6 Topographic Maps imay- imay-
6.6.1 The Method ol ° s *
6.6.2 Examples °e ° o .
6.7 t-D. Stochastic ° ° = o8 € o8 - - ° ., °
Neighbor Embedding |° e . s )

6.7.1 The Method ° oe © o . ® o0 ° ° e
6.7.2 Examples ¢ T ° .&“ ° . :: % ° T A e, '?:!.:. eoo
6.8 SOM bl ~ v v "
6.8.1 The Method
6.8.2 Examples r T T T T T T .. T —

-®0 o
.f
(-]

o
® o
[= ]
(=]
o
o
[ ]
ML4
0
1
[ ]
[ ]
20"
[ ]
[}
[s]
[=]
o
o
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Factor Analysis

5 Factor Analysis @
5.1 The Model
5.2 MLE FA o
5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

6 Scaling & Projection

quartimax: FA1 and FA2
L ]

6.1 Projection Pursuit '
6.2 Multidim. Scaling
6.2.1 The Method

quartimax: FA1 and FA3

o Og o

° oo
o &
°

FA with
quartimax
rotation

‘result is

similar to
varimax

6.2.2 Examples

YTl
Wikt

quartimax: FA1 and FA4
L ]

6.3 Non-negative
Matrix Factorization ~
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear ° ° lep

ML4

ML3

wWiLT

quartimax: FA2 and FA3
o 2 o o

P o

rotation

separation

Embedding - “

6.4.1 The Method
6.4.2 Examples

-1

6.5 Isomap T
6.5.1 The Method 1.5
6.5.2 Examples

6.6 Topographic Maps

-1

-2

omahE . s slightly
] ’ worse that

without
rotations

-15 =10 -05 0.0 0.5 1.0

6.6.1 The Method @
6.6.2 Examples ~
6.7 t-D. Stochastic
Neighbor Embedding °
6.7.1 The Method §o

6.7.2 Examples > 3 o

ML4

ML4

6.8 SOM
6.8.1 The Method X
6.8.2 Examples T T
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Scaling and Projection Methods

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

projection of the data to a low-dimensional space (“scaling”)
» visualize the data

* represent the data in a low-dimensional space for further
processing:
 model selection using low-complex model classes
* low-dimensional representation can capture only the main
structures
* noise and outliers are not represented

Machine Learning: Unsupervised Methods Sepp Hochreiter



Projection Pursuit

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

|6 Scaling & Projection

6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Machine Learning: Unsupervised Methods

Projection pursuit:
least Gaussian (“interesting”) projections of the data

how to define non-Gaussianity?
covariance and mean given: Gaussian distribution maximizes the
entropy

T

Objective: minimize H (t) for t = w" @
t iIs normalized to zero mean and unit variance

This is difficult to optimize
- finding unimodal super-Gaussians
- finding multimodal distributions

Other criteria are given for ICA: kurtosis and different contrast
functions which measure non-Gaussianity

Sepp Hochreiter



Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

|6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
|6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Multidimensional Scaling (MDS):

projection to a low-dimensional space while keeping the distances
between data points

y; = f(zi;w)

bij = |l@i — x| o
_ goal: d =
dij = llys — y;ll
2
Ri(d,8) = 2icj (dij — 0ij) - Z(d” _ 65i)? “Kruskal's measure”
’ 2icj 05 oy Y Y penalizes large errors
2
Ry(d,8) = Z u fractional (relative)
2, 03 errors
i<j 4
- ! (dig ~ 8:5)° (di; = 85)" “Sammon mapping’
fald,0) = 2 i< 0ij Z 0ij i} Z 03 compromise PRI
2 1<j 1<J P

X means factors constant in the parameters w
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Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling

6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

derivatives used in gradient based methods:

0
8ykR1(d ,0)

0
mRz(d ,0)

0
—R3(d,d
Oy, 3( )

2 — .
e 5223 ;(dkj Ok;) Ik di; £
5 deg Okj Yk — Yj
j#k 9 U
2 dej — Okj Yk — Y
2i<j i i Ok di

R viewed as potential function - derivatives are forces

Machine Learning: Unsupervised Methods
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Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

example from Duda, 2001, multidimensional scaling from a
3-dimensional space to a 2-dimensional space (right).

source space

target space

Machine Learning: Unsupervised Methods Sepp Hochreiter



Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

|6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

metric multidimensional scaling or principal coordinates analysis is

applied to the multiple tissue data set.

Machine Learning: Unsupervised Methods
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Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method

|6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Metric MDS 101 features

44T

LUA_%)_ T

o

u_s 41T
Lu 19
LU_S 12

e g O Vg

Machine Learning: Unsupervised Methods

LU_S @S BR_&'; ﬁ o8B}
BR@OTER WGT

4T

Pp‘q 1

CCES‘I?

PF

PR ‘?25

‘_P.Gﬂ PR BRIT o LU A_&_,e!EﬂA‘MﬂT_A_

LU_Agal ABT
LU 9‘

ABT
q m 7

LUA, 33T
.JLU S_‘

LUS.JZGT

MDS for
multiple
tissues

the 101
features
with
largest
variance
are
selected
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Multidimensional Scaling

5 Factor Analysis
5.1 The Model
5.2 MLE FA

Metric MDS 13 features

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method

co 27T

Utbux‘l
LU A

co éOST
LU_A, g_AB
L13BT|

b '—UE“J\ 4TIA

_A ﬁ_m 7T
co, _844

|6.3 Non-negative A18T
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

247
iT

T

o

_LU86J-11T
BR

LU S
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§19T
LU_S 5147 B BR
8 5247
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MDS for
multiple
tissues

the 13
features
with
largest
variance
are
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Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method

|6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

w‘ﬁ

IPST
?_‘1 aT

Kruskal's MDS 101 features
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Multiple
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Multidimensional Scaling

5 Factor Analysis Kruskal's MDS 13 features
5.1 The Model

5.2 MLE FA
5.3 FAvs. PCA &ICA co.us

5.4 Artificial Examples co_coeT
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

Multiple
tissues:

CO_CO048T KrUSkaI'S
6 Scaling & Projection < (€]

6.1 Projection Pursuit 05958 007 12 non-

6.2 Multidim. Scaling "“‘sw .
6.2.1 The Method oo metric

5 BR_BR14T
COXEH SO Q15T
|6.3 Non-negative G P ) UItIdI e

Matrix Factorization PRTIROTTL R4 N O .
6.3.1 The Method 29, oo @ﬂozﬂcm LU_A L AED ATTHUA LY ANT nsional
SR ERepR2S £on C ) ® :
6.3.2 Examples R_pm? LUA_LU40T SCallng
6.4 Locally Linear R2 ReT LUA.UM Cm%)@%f?éﬁﬁi.f” BR_BR g‘g
Embedding proz © SPR138T LUA_LU44T PR
6.4.1 TheMethod  |©@ rde® LA LU ABTLL.A g AT 'BR.?;ST e
P —
6.4.2 Examples oR_pRoM R o ® s ERE® Wk srior 13

6.5 Isomap
6.5.1 The Method ® ® AT features

6.5.2 Examples e @ "Re with the
6.6 Topographic Maps ® ks Ts1ar

g.g.; Ehe M(—Tthod ® g AT largest
.6.2 Examples R LWSA g
zzlé_h[:)o?éorﬁgzzt(;?ng LU_S_L.U_S1EMT W@ sos7 BRaSDTBRaSAT BR_%ﬂT Va rlance
41T
6.7.1 The Method _
6.7.2 Examples LU—S—?Z“T LUS_LU30T
6.8 SOM '“ﬁ“‘
6.8.1 The Method < LU_S_g) STt BR 846

)
6.8.2 Examples - i e .. B%”
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Multidimensional Scaling

5 Factor Analysis Sammon Mapping 101 features
5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

co.@yeer Multiple
tissues:
Sammon's
6 Scaling & Projection non-linear

6.1 Projection Pursuit

6.2 Multidim. Scaling o _ mapping
6.2.1 The Method «®

CO@)QT
|6.3 Non-negative 1 01
Matrix Factorizatior | T

6.3.1 The Method o _ features
N co@

6.3.2 Examples jaoT .
6.4 Locally Linear §itier c@e o With the
largest

Embedding
7% variance

6.4.1 The Method ?gﬁ
6.4.2 Examples et
6.5 Isomap

6.5.1 The Method
6.5.2 Examples
6.6 Topographic Maps |B247
6.6.1 The Method r ©
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

cqamyiz o
@ o |

~gs Worse than
metric or

Kruskal's

measure

Machine Learning: Unsupervised Methods Sepp Hochreiter



Multidimensional Scaling

5 Factor Analysis
5.1 The Model
5.2 MLE FA

Sammon Mapping 13 features

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit PR
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples
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Multiple
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Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Non-negative matrix factorization (NFM)
IS a matrix factorization method where all matrix entries are assumed
to be positive

the non-negativity constraints make the representation of the

observations purely additive: a parts-based representation, where
parts are added to the observation but not subtracted (e.g. images)

X c RnXm Y c RnXl U c Rle

0 < Xy, 0<Yix=lyrli 0<Ujr=ug);

l
X =YU' = Zyk u;,
k=1
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Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization

6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Machine Learning: Unsupervised Methods

Objective 1: Kullback-Leibler divergence (positive matrices)

Ay

ij '

minimize the Kullback-Leibler divergence D(X || Y UT) by
gradient descent gives:

Eij Ay = Zij Byj =1

Z;’nzl Ujk Xij / (Y UT)ij
Z;‘nﬂ Ujk

Uir = Uik 2?21 Yik Xij / (Y UT)ij
’ ’ Z?:l Yik

Yiie = Y

Sepp Hochreiter



Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization

6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Machine Learning: Unsupervised Methods

Objective 2: Euclidean distance (Frobenius norm):

I X — Y UT|% lA - BlE = ) (45 -

tJ

multiply X = vy U7?
from right by U

(X U)y
(Y U U)y,

Yir Yir

multipy X = Y UT
kj from left by Y7

Uik

For a fixed point, the left and the right hand side have to be equal

NFM has been extended to sparse NFM (both decomposition
matrices); sparse Y - few parts are present

spares U - few measurements indicate part
For example gene expression: part = pathway, few genes in pathway

and few pathways are active in a sample
Sepp Hochreiter



Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model
5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples

5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit

6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps

6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

parts-based representations
of faces

vector quantization (VQ)
and PCA learn
holistic representations

Machine Learning: Unsupervised Methods
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Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

positive toy data generated by FABIA biclustering package

(1000 genes, 100 samples, 13 biclusters)

genel

gened3

genel167

10

gene250

gene333

gened17

gene500

gene583

gene667

gene750

gene833

gene817

gene1000

samplel sample11 sample21 sample31 sampled41 sample51 sample61 sample71 sample81 sample91
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Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

The data contains blocks of patterns. For visualization purposes only,
the blocks are constructed by adjacent row or column elements
(blocks are the parts).

noisy data noise-free data

genet

gened3

gene1867

gene250

gene33d

gene417

gene500

gene583

gene667

gene7s0

gene833

gene917

gene1000

(1000 genes, 100 samples, 13 biclusters ) (1000 genes, 100 samples, 13 biclusters )

genei

gene83

25

genel67

10

gene250

20

gene33s

gened17

15

gene500

gene583

10

gene6s7

gena750

genes33

geneg17

gene1000

sample1 sample11 sample21 sample31 sample41 sample51 sample61 sample71 sample81 sample91 sample1 sample11 sample2! sample31 sample41 sampleS1 sample61 sample71 sample81 sample91
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Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model . . . .
5.2 MLE FA NMF Kullback-Leibler divergence using the fabia package
5.3 FAvs.PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.11Iris

5.5.2 Multiple Tissues

NMFDIV: reconstructed data NMFDIV: error
(1000 genes, 100 samples, 13 biclusters ) (100 genes, 100 samples, 13 biclusters ) )

6 Scaling & Projection genst
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method senete?
6.2.2 Examples
6.3 Non-negative
Matrix Factorization gened3
6.3.1 The Method
6.3.2 Examples
6.4 Locally Linear genest0
Embedding

6.4.1 The Method
6.4.2 Examples geness?
6.5 Isomap

6.5.1 The Method
6.5.2 Examples gonosas
6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples senc1000
6.7 t-D. Stochastic samplel sampleli sample2i sample3i sampledi sample5i samplefi sample71 samplesi sampledi
Nelghbor Embeddlng samplet sample1! sample21 sample31 sampled4! sample51 sample! sample?! sample81 sample81
6.7.1 The Method
6.7.2 Examples
6.8 SOM

6.8.1 The Method
6.8.2 Examples

genet

12

gened3 gene83

genei67

o
=

2

gene250 gene250

gene333 =

0

gened1? —

geneso0 -

-2

gene583 B
gene583 M

genegs?

-4

gene750
gene750

gene833

-6

genedt7 =
genedi7 S

gene1000
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Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model . .
52 MLE FA NMF Kullback-Leibler divergence
5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues NMFDIV: absolute factors NMFDIV: absolute loadings
(1000 genes, 100 samples, 13 biclusters ) (1000 genes, 100 samples, 13 biclusters )

genel

6 Scaling & Projection|| ...c.
6.1 Projection Pursuit

6.2 Multidim. Scaling || *=*
6.2.1 The Method iclusterts
6.2.2 Examples
6.3 Non-negative
Matrix Factorization bichuster?
6.3.1 The Method
6.3.2 Examples
6.4 Locally Linear bichsterd
Embedding

6.4.1 The Method pesee
6.4.2 Examples biclusters
6.5 Isomap

6.5.1 The Method
6.5.2 Examples bichusters
6.6 Topographic Maps

6.6.1 The Method

6.6.2 Examples biclusterto
6.7 t-D. Stochastic

Neighbor Embeddlng sample samplel! sample21 sampled! sampled! sampleS! sampleS! sample7! sampleB! sampled bicluster1 bicluster13 bicluster? biclusters biclusters biclusterd bicluster10

genes3

genel67

gene250

bicluster11

gened33

bicluster2 gened17

gene500

gene583

gene667

bicluster12
gene750

gened33

biclusterd
geneg 17

gene1000

6.7.1 The Method
6.7.2 Examples
6.8 SOM

6.8.1 The Method
6.8.2 Examples
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Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model . . .
5.2 MLE FA NMF Euclidean distance: fabia package
5.3 FAvs.PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

NMFEU: reconstructed data NMFEU: error
(1000 genes, 100 samples, 13 biclusters )

genel genel

(1000 genes, 100 samples, 13 biclusters )

6 Scaling & Projection
6.1 Projection Pursuit e
6.2 Multidim. Scaling
6.2.1 The Method aestE?
6.2.2 Examples
6.3 Non-negative
Matrix Factorization genesss
6.3.1 The Method
6.3.2 Examples
6.4 Locally Linear genesdo
Embedding
6.4.1 The Method -
6.4.2 Examples goness7
6.5 Isomap
6.5.1 The Method gerneT=0
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method genes 7
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

0.3

gene8d

gene167

0.8
0.2

gene250 gene250

gene333

08
0.1

gened17 gene417

0.0

gene500

gene583

04

-0.1

gene6BT

gene750

-0.2

0.2

geneB8l33 gene833

-0.3

gened17

lgene 1000 gene 1000

sample samplei sample21 sample31 sample41 sample51 sample61 sample71 sample8! sampleg1 sample1 sample1! sample2! sample31 sampledi sample51 sampleB! sample7i sampleBi sampledt
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Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model . . . .
5.2 MLE FA NMF with sparseness constraints using the fabia package
5.3 FAvs.PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.11Iris

5.5.2 Multiple Tissues

NMFSC: reconstructed data NMFSC: error
6 Scaling & Projection senet (1000 genes, 100 samples, 13 biclusters ) e (1000 genes, 100 samples, 13 biclusters ) o 18
. - - o
6.1 Projection Pursuit < 7 ==
6.2 Multidim. Scaling geree? seree? =de=a
6.2.1 The Method S e i
6.2.2 Examples o |
6.3 Non-negative gene250 ° gene250
Matrix Factorization e -
gene333 gene333 = = -z - —
6.3.1 The Method == !
gened17 g - gened17
6.4 Locally Linear -
Embedding e R S T
6.4.1 The Method genesas - goness3 —S =
6.4.2 Examples S et
6.5 Isomap genese? goness? 3 5 S
6.5.1 The Method = - SEiE
gene750 gene750
6.5.2 Examples o
6.6 Topographic Maps || s ° eness g &
6.6.1 The Method af
gened17 gened17
6.6.2 Examples
6.7 t-D. Stochastic gene1000 = sene1000. W EHT T T,
Neighbor Embedding sample1 sample?1 sample21 sample31 sample41 sample51 sample61 sample71 sample81 sample91 samplel samplei1 sample21 sample31 sampled41 sample51 sample61 sample71 sampleg1 sampledi
6.7.1 The Method
6.7.2 Examples
6.8 SOM
6.8.1 The Method
6.8.2 Examples
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Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model NMF sparseness constraint.

5.2 MLE FA
s53ravs.pca aica| Not all blocks are detected: too much sparseness enforced

2’5 Real Exennioe °| > difficult to properly adjust the sparseness parameter

5.5.1 Iris
5.5.2 Multiple Tissues

NMFSC: absolute loadings NMFSC: absolute factors

6 Scaling & Projection (1000 genes, 100 samples, 13 biclusters ) (1000 genes, 100 samples, 13 biclusters )

6.1 Projection Pursuit gere!
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples genate?
6.3 Non-negative
Matrix Factorization
6.3.1 The Method gene3sy
6.3.2 Examples
6.4 Locally Linear
Embedding —
6.4.1 The Method
6.4.2 Examples genesss
6.5 Isomap

6.5.1 The Method
6.5.2 Examples generso
6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples genesty
6.7 t-D. Stochastic
Neighbor Embedding ||*"""
6.7.1 The Method bicluster1 bicluster3 biclusters bicluster? biclusterd biclustert1 bicluster13
6.7.2 Examples
6.8 SOM

6.8.1 The Method
6.8.2 Examples

0.4

bicluster1

gene83
bicluster2

0.20
1

biclusterd

gene250 ‘
biclusterd

0.3

‘ biclusters

0.15

gened17 biclusters

bicluster7

0.2

biclusterg

0.10

biclusterd
gene6s?

bicluster10

0.05
0.1

bicluster11
gene833

bicluster12

bicluster13

0.00
0.0

samplel sample11 sample21 sample31 sample41 sample51 sample61 sample71 sample81 sampled1
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Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model . . .
52 MLE FA biclustering with FABIA
5.3 FAvs.PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues FABIA: reconstructed data FABIA: error
(1000 genes, 100 samples, 13 biclusters ) (1000 genes, 100 samples, 13 biclusters) ~

gene1 genet .

6 Scaling & Projection o :
6.1 Projection Pursuit penetd genes «
6.2 Multidim. Scaling ntsr o netsr

6.2.1 The Method
6.2.2 Examples gene2s0
6.3 Non-negative
Matrix Factorization
6.3.1 The Method geneat?
6.3.2 Examples
6.4 Locally Linear genseud
Embedding

6.4.1 The Method
6.4.2 Examples ganess?
6.5 Isomap

6.5.1 The Method
6.5.2 Examples geneass
6.6 Topographic Maps
6.6.1 The Method e
6.6.2 Examples ceneiiti
6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

gene250

gene333 gene33d

0

gened17

genes00

-2

gene583 genesss

geness7

-4

gene750 gene750

genes3s [l

-6

gened17

gene1000

sample1 sample1! sample21 sample31 sample41 sample51 sample61 sample7! sample81 sample91 samplel sample!1 sample21 sample31 sample41 sample51 sample61 sample71 sample81 sample9t
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Non-negative Matrix Factorization

5 Factor Analysis
5.1 The Model . . .
52 MLE FA biclustering with FABIA
5.3 FAvs. PCA &ICA
5.4 Artificial Examples

5.5 Real Examples FABIA: absolute factors FABIA: absolute loadings
5.5.1Iris {1000 genes, 100 samples, 13 biclusters ) (1000 genes, 100 samples, 13 biclusters )

5.5.2 Multiple Tissues | | veusen

] genel

genes3
biclusterd

6 Scaling & Projection
6.1 Projection Pursuit | | 7=
6.2 Multidim. Scaling R
6.2.1 The Method
6.2.2 Examples
6.3 Non-negative bicuster2
Matrix Factorization
6.3.1 The Method
6.3.2 Examples picusters
6.4 Locally Linear bcusiers
Embedding
6.4.1 The Method pesen?
6.4.2 Examples bicusers
6.5 Isomap

6.5.1 The Method
6.5.2 Examples bilusterto
6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

genel167

gene250

bicluster? gened33

gened17

biclusters

gene500

genes83

genet67

geneT50

gene833

biclusterd

geneg17

gene 1000

samplel sample11 sample21 sample31 sample41 sample51 sample6! sample71 sampleB1 sample91
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Locally Linear Embedding

5 Factor Analysis

5.1 The Model . . . .
52 MLE FA Locally linear embedding (LLE) computes low-dimensional,
o4 it Benelee|  NEighborhood-preserving embeddings / representations.
5.5 Real Examples : : i : i
e LLE performs nonlinear mappings. The objective is
5.5.2 Multiple Tissues k 2
k
6 Scaling & Projection e(W) = Z Ty — ZWijwj ijl W'LJ =1
6.1 Projection Pursuit i j=1

6.2 Multidim. Scaling

022 Exampios Optimized by constrained least squares using neighbors ; of &;
6.3 Non-negative ; : : . . .
o OpT e The sol_utlons of this problem are invariant to rotations, rescalings, and
6.3.1 The Method translations of &;
6.3.2 Examples )
k

Down-projection optimizes &(Y) = ) "|y; — > Wiy,
6.4.2 Examples . ; —
6.5 Isomap where the W;; are fixed i i=1
6.5.1 The Method
6.5.2 Examples

8.6 Topographic Maps The representation of x; by its neighbors is transferred to Y;

6.6.2 Examples
6.7 t-D. Stochastic oY) = > M; yly;
Neighbor Embedding i

6.7.1 The Method

d:5 11 for i=4, 0 otherwise

6.7.2 Examples Mi; = 6 — Wi — Wy + Zsz Wi

6.8 SOM . . .

6.8.1 The Method T k optimal embedding: bottom d eigenvectors
6.8.2 Examples M = (I — W) (I — W) of M, except the last one
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Locally Linear Embedding

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

steps of the
LLE method

Machine Learning: Unsupervised Methods
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Given: X: n by m matrix consisting of n data items in m dimensions, di-
mension of embedding space [, k number of neighbors, distance measure
Find neighbors in X space
for (i=1;4i > n;i++)do
compute the distance from @x; to every other point x;
find the k smallest distances
assign the corresponding points to be neighbors of x;
end for
Solve for reconstruction weights W
for (i=1:;4 > n;i++)do
create matrix Z consisting of all neighbors of @; [d]
subtract x; from every row of Z
compute the local covariance C = Z7 Z [e]
solve linear system Cw =1 for w [f]
set W;; = 0 if j is not a neighbor of ¢
set the remaining elements in the i-th row of W equal to w/ »_,(w;);
end for
Compute embedding coordinates Y using weights W
create sparse matrix M = (I — W)T(I — W)
find bottom [ + 1 eigenvectors of M (corresponding to the d 4+ 1 smallest
eigenvalues)
set the g-th column of Y to be the g + 1 smallest eigenvector (discard the
bottom eigenvector 1 = (1,1, 1, 1...) with eigenvalue zero)
Result Y: n by [ matrix consisting of [ < m dimensional embedding coordi-
nates.
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[al

Notation x; and y; denote the i-th row of X and Y (in other words the
data and embedding coordinates of the i-th point),

MT denotes the transpose of matrix M,

I is the identity matrix,

1 is a column vector of all ones

This can be done in a variety of ways, for example above we compute the k
nearest neighbors using Fuclidean distance. Other methods such as epsilon-
ball include all points within a certain radius or more sophisticated domain
specific and/or adaptive local distance metrics.

Even for simple neighborhood rules like KNN or epsilon-ball using Euclidean
distance, there are highly efficient techniques for computing the neighbors
of every point, such as KD trees.

Z consists of all rows of X corresponding to the neighbors of &; but not x;
itself

If & > m, the local covariance will not have full rank, and it should be
regularized by setting C' = C + eI where I is the identity matrix and € is
a small constant of order le-3 trace(C'). This ensures that the system to be
solved in step 2 has a unique solution.
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LLE for Swiss Roll data
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LLE applied to multiple tissues: 101 features with largest variance.
results are worse than with other methods: observations not on manifold
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Isomap is a low-dimensional embedding method
which computes a quasi-isometric, low-dimensional embedding.
Isomap is similar to LLE and a non-linear projection

e geodesic distance induced by a neighborhood
e geodesic distances:
» shortest distances on a manifold
» shortes path by Dijkstra's algorithm
« sum of edge weights
 largest [ eigenvectors of geodesic distance matrix are coordinates

in projected space

Machine Learning: Unsupervised Methods
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Given: distances d(x;, ;) between pairs from n data points in an m-dimensional
space X, parameter k or parameter e
Construct neighborhood graph
Define the graph G over all data points by connecting points x; and x; if
they are closer than e (e-Isomap), or if 4 is one of the k nearest neighbors of
J (k-Isomap). Closeness and neighborhood is measured by d(x;, ;).
Set edge lengths equal to d(x;, x;).
Compute shortest paths by Floyd’s algorithm
for(i=1;¢ > mn;i++)do
for (j=1;45 >n;j++)do
Initialize dg(x;, x;) = d(x;, x;) if 4, j are linked by an edge; da(x;, ;) =
00, otherwise.
end for
end for
for(k=1;k > n; k++) do
for(i=1;i¢ > n;i++)do
for(j=1;j > n; j++)do
dg(wi, a:j) = min{dg(mi, :Bj), dg(:lii, il:k) + dg(wk, :1:])}
end for
end for
end for
define shortest path matrix Dx by [Dx]|i; = da(x:, ;)
Construct [-dimensional embedding
Compute A, as the p-th eigenvalue (in decreasing order) of the matrix 7(Dx),
and vp; as the i-th component of the p-th eigenvector.
set Yi; = \/)Tivji.
Result Y: coordinate vectors y; in a [-dimensional (I < m) Euclidean space
Y
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Fingers extension

Machine Learning: Unsupervised Methods

Isomap (k=6), n=2000 images of a hand opening and closing
movements at different wrist orientations

|

!. . ...:= . ' . :
-=®- . TELERO =

- two-dimensional manifold
e wrist rotation
« finger extension

Y
\ -
-1 . R
h :
S .
@, -
-; . -
b -
@:
2

o

“ 4
s,

-

Wrist rotation

Sepp Hochreiter



Isomap

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

tree counts in 1-hectare plots in the Barro Colorado Island

* 50 plots of 1 hectare with counts of trees on each plot

e quadrants are located in a regular grid

o 225 tree species (at least 10 cm in diameter at breast height)
e counts in each one hectare square of forest
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generative topographic mapping (GTM) is a non-linear latent variable
model as an alternative to SOMs to overcome their disadvantages.

GTM is similar to factor analysis as is also maps from the latent
space to the observations space.

Latent variables y € R are mapped to observations x € R™, m, > [

Va2

Vi I,
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distribution in the m-dimensional space is obtained by integrating
over all & that contribute to a density at ¢ :

p(t | w,8) = / p(t | @, w, B) p(x) da

For data poigts {t1,...,t,}, the log likelihood is

log£ = ) Inp(t; | w,p)
z: .
p(y) = ;D 3y — v
j=1

L

kernel density estimate or constraint Gaussian mixture model
in the m-dim. space with centers mapped from an [-dim. space
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Toy problem involving data (o) generated from a 1-dimensional curve
embedded in 2 dimensions, together with the projected latent points (+)
and their Gaussian noise distributions (filled circles). The initial
configuration is shown on the left, and the result on the right.
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Machine Learning: Unsupervised Methods

t-distributed stochastic neighbor embedding (¢-SNE) models each

high-dimensional observations by a two- or three-dimensional
representation: similar observations are represented by nearby
projections and dissimilar observations distant representations.

stochastic neighbor embedding (SNE) the similarity
Is the conditional probability p;|; that =; would pick x;as its neighbor

exp(—|z:i — x;|*/207)
ki exP(—llzi — @k?/207)

For {xy,...,x,} weobtainp;|; =

For low-dimensional projections a conditional probability is computed
_exp(-lly — yl?)

Dk €XP(—llys — yil?)
objective is the Kullback-Leibler divergence between Pand Q:

Pils
KL(P||Q) = melogq?ﬁ
i] il

dj|i

minimized by gradient descent
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objective for the SNE:

o difficult to optimize

e crowding problem
For example in ten dimensions, it is possible to have 11 data
points that are mutually equidistant but there is no way to
model this faithfully in a two-dimensional map

t-distributed stochastic neighbor embedding, solves these SNE

problems by

» objective of the SNE is symmetrized - simpler gradients

» objective uses Student's t-distribution - heavy-tailed which
reduces the crowding problem and simplifies the optimization
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t-Distributed Stochastic Neighbor Embedding

o Fadtor Analysis 6,000 handwritten digits from the MNIST data set:
D2 MLE P2 t-SNE is compared to Sammon's mapping, Isomap, and LLE.

5.3 FAvs.PCA &ICA
i !.Ei o 5 e+ V ' i*."*‘“v :‘\" e - .'A ‘t,‘\:/\:; -: -- .
. s s;ﬁ" ‘-

5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

e = e
©CENOO AN =O

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

(c) Visualization by Isomap.

H
- "

(b) Visualization by Sammon mapping. (d) Visualization by LLE.
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The results are not as good as with other methods because the
observations are not located on a 2-dimensional manifold.
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Self-Organizing Map (SOM) or Kohonen map:
SOMs comprise two objectives:

» clustering (see next subsection)

« down-projecting.

For SOMs the objective function cannot be expressed as a single
scalar function like an energy or an error function.

lack of a scalar objective / cost function:

* no theoretical basis for choosing learning parameters

* no ensurance to achieve topographic ordering

* no proofs of convergence

 models cannot be compared

« overfitting not detected

« stopping of training is difficult to determine

» quality of the solution is hard to assess

* no probability density for further processing by other methods
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yr € R equidistantly fill a hypercube associated with w; € R™,
which are the parameters of the SOM

Data points that are neighbors should be neighbors in the projection
preserve neighborhood relation: topologically ordered maps (TOMs)

on-line update rule:

k = argmax x’w,
S

) new

= we + n0([lye — yell) (& — wy)

where 7 is the learning rate, J is the window function which is largest
fory: = yir and is decreasing with the distance to yy .

(w:
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Example 1: one-dimensional representation of a two-dimensional
space
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Example 2 with a non-uniformly sampling: the density at the center

was higher than at the border
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