Machine Learning

Unsupervised Methods
Part 2

Sepp Hochreiter

Institute of Bioinformatics
Johannes Kepler University, Linz, Austria




Qutline

3 Principal Component Analysis

3.1 The Method

3.2 Variance Maximization

3.3 Uniqueness

3.4 Properties of PCA

3.5 Examples

3.6 Kernel Principal Component Analysis
4 Independent Component Analysis

4.1 Identifiability and Uniqueness

4.2 Measuring Independence

4.3 Whitening and Rotation Algorithms
4.4 INFOMAX Algorithm

4.5 EASI Algorithm

4.6 FastICA Algorithm

4.7 ICA Extensions

4.8 ICA vs. PCA

4.9 Artificial ICA Examples

4.9.1 Whitening and Rotation

4.10 Real World ICA Examples

4.11 Kurtosis Maximization Results in Independent Components

Machine Learning: Unsupervised Methods Sepp Hochreiter



Qutline

5 Factor Analysis

5.1 The Factor Analysis Model

5.2 Maximum Likelihood Factor Analysis
5.3 Factor Analysis vs. PCA and ICA

5.4 Atrtificial Factor Analysis Examples
5.5 Real World Factor Analysis Examples
6 Scaling and Projection Methods

6.1 Projection Pursuit

6.2 Multidimensional Scaling

6.3 Non-negative Matrix Factorization

6.4 Locally Linear Embedding

6.5 Isomap

6.6 The Generative Topographic Mapping
6.7 t-Distributed Stochastic Neighbor Embedding
6.8 Self-Organizing Maps

7 Clustering

7.1 Mixture Models

7.2 k-Means Clustering

7.3 Hierarchical Clustering

7.4 Similarity-Based Clustering

Machine Learning: Unsupervised Methods

Sepp Hochreiter



Qutline

8 Biclustering

8.1 Types of Biclusters

8.2 Overview of Biclustering Methods

8.3 FABIA Biclustering

8.4 Examples

9 Hidden Markov Models

9.1 Hidden Markov Models in Bioinformatics

9.2 Hidden Markov Model Basics

9.3 Expectation Maximization for HMM: Baum-Welch Algorithm
9.4 Viterby Algorithm

9.5 Input Output Hidden Markov Models

9.6 Factorial Hidden Markov Models

9.7 Memory Input Output Factorial Hidden Markov Models
9.8 Tricks of the Trade

9.9 Profile Hidden Markov Models

10 Boltzmann Machines

10.1 The Boltzmann Machine

10.2 Learning in the Boltzmann Machine

10.3 The Restricted Boltzmann Machine

Machine Learning: Unsupervised Methods Sepp Hochreiter



Chapter 3

Principal Component Analysis



Principal Component Analysis 4

3.1 The Method
3.2 Variance
Maximization

3.3 Uniqueness
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

4

Principal Component Analysis (PCA), Karhunen-Loéve transform (KTL),
Hotelling transform makes a transformation of the coordinate system:
« data has largest variance along the first coordinate

 second largest data variance is along the second coordinate
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summarize multivariate data by PCA via projecting observations onto
the first principal components: for visualization the first two

data {a:l, o,..., CBn} summarized by X = (2131, Lo,... ,:L‘n)
data matrix X ¢ R»xm

rows of the data matrix contain the observations

columns contain the features

We assume that the features have zero sample mean
(otherwise, the feature mean must be subtracted)
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sample covariance matrix C € R™*™ of features across observations is

Cy = 1 ins z;: » Where x;3 = (wz)s and z;: = (x;)+
n =
1 e 1 T

Cc = - X'X = -UD,U
n n

where U € R™*™ is orthogonal and D,,, € R™*™ diagonal
This is the eigendecomposition or spectral decomposition of C', which
is @ symmetric positive definite matrix

diagonal entries of D,, : eigenvalues (positive, sorted decreasingly)
column vectors u; = [U]; : eigenvectors (principal components)

first principal component corresponds to the largest eigenvalue

assume thatn > m and at least m linear independent observations
- C has full rang (often ensured by unsupervised feature selection)
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singular value decomposition (SVD)

X = VvDU?

where U € R™*™ and V € R®»*™ are orthogonal, D € R®*™ is diagonal
with positive entries, the singular values, sorted decreasingly

Computing XT X we see that D,, = DT D (the eigenvalues are the
singular values squared) and U is the orthogonal matrix from PCA.

PCA projection: Y = XU =V D

SVD automatically provides the PCA projections via VD
For single observations x the projectionis ¢ = ULz

PCA is a matrix decomposition problem: X — YUT
where U is orthogonal, Y Y = D,, (they are orthogonal,

decorrelated), and the eigenvalues D,,, are sorted decreasing;
for single observations thatis ¢ = U y
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outer product representation:
™m ™m
T T
X = E D viu;, = E Y;U;
1=1 1=1

u;is the ¢-th orthogonal column vector of U

V; is the ¢-th orthogonal column vector of V/
Yi = Dii v,
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Iterative methods for PCA:
current projectionis t —=

new u—l—n(tw—t2u)

Uu p—
where 77is the learning rate

ul x then Oja's rule is

The eigenvectors of C' are the fixed points of Oja's rule; only the
eigenvector with largest eigenvalue is a stable fixed point

Ez(u™") = u + nE; (z(z"u) — (u'z)(z"u) u) =
u + 7 (Eg(@zh)u — (v Ey(za)u) u) =
u + 7 (Cu — (u'Cu) u)

If wis an eigenvector of C with eigenvalue \ then

Exz(u™v) = u+n(Au — Au) = u
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The first principal component u1 is the direction of maximum variance:

n n

ui = ar maxZ uf @) D (T2’ = Y (ula) (2Fw) =

||u||— i=1 i=1

n
u’ E rxiu = nu’ Cu

C = Zz_ A\ u;u T

=310 Y0 =1

This sum is maximal fora; = 1,a; = 0,7 # 1 because A1 > X\; >0

u'Cu = i)\ia?

principal components are the direction of maximal variance orthogonal
to all previous components:

k—1 n

2

¥ = x; — E (u:{ :1:1) uy up = argma,xz u” z¥)
— lul=1 =

inductively been proved analog to the first principal component
first | components span [-dimensional space of maximal variance
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Is there only one PCA solution? X — YUT
U is orthogonal, Y'Y = D,,, D,, s diagonal with sorted values

PCA is unique up to signs, if the eigenvalues of the covariance matrix
are different from each other (proof: see manuscript).

At most one eigenvalue can be zero, which can be removed.
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« first [ principal components span [-dim. space of maximal variance

!
T T o . .
E u; Cu; st. u; uj =0;

=1

 projections onto PCs have zero means:
1 = T _ —
e (agn) <o -

« projections onto PCs are mutually uncorrelated (orthogonal):
1 n

. D (uf @) (@) = > (uf @) (2] us)

n
i=1

1 n
= = E ul (x; 7
n <
=1

1 n
= ’U,? — E T; :1:;[ U
n <
=1

T T
=u, Cus = Asu; us = 0
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the sample variance of the k-th projection is equal to the k-th
eigenvalue of the sample covariance matrix:

n n
1
E (usz = — E 'u,k :nza: uk = uf ( E x; w? U = qu’uk = A uf’u,k = A
n
i=1

i=1

Sl

« PCs are ranked decreasingly according to their eigenvalues

l
E Up UL T
k=1

 The first [ PCs minimize the mean-squared error: & =

mean-squared error is
E(le - 2|?)
l
= E (Tr (zz’) — 2 Tr (Z up, Ui TT > (Z uy, uf:ch>>
k=1
l
= ’I‘r( (zz’) — 2 Zuk ulE Zuk ufE(ccccT)> = ’I‘r(C — Zuk qu’)
k=1 k=1
l m l
= Tr (C — Zuk ufZ)\kuk uf) = Tr (Z)\k U u;{ — Z)\kuk uf)
k=1 k=1 k=1 k=1
:TT(Z)\kukuf): Z)\k’ﬂ(ukuf)— Z)\k'ﬂ Z)\k

k=Il+1 k=l+1 k=l+1 k=l+1
Sepp Hochreiter
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Example 1: Anderson's or Fisher's Iris data set

Multivariate data set introduced by Sir Ronald Fisher (1936). Iris is
a genus of 260-300 species of flowering plants with showy flowers.
The three species of the data set are Iris setosa (Beachhead lris),
Iris versicolor (Larger Blue Flag, Harlequin Blueflag), and Iris
virginica (Virginia Iris).

Edgar Anderson collected the data to quantify the morphologic
variation of Iris flowers of three related species.
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3 Principal
Component Analysis [ Four features: the length and the width of the sepals and petals (cm)
3.1 The Method .
S 2 Veraro For each of the three species 50 flowers are measured
Maximization No. Sepal Petal Species
3.3 Uniqueness
3.4 Properties PCA Length Width Length Width
3.5 Examples
3.6 Kernel PCA 1 5.1 3.5 1.4 0.2 setosa

2 4.9 3.0 1.4 0.2 setosa
4 Independent 3 4.7 3.2 1.3 0.2 setosa
Component Analysis 4 4.6 3.1 1.5 0.2 setosa
4.1 Identlﬁablllty and 5 5 O 3 6 1 4 0 2 Setosa
Uniqueness ' ’ ) | )
4.2 Measuring 51 7.0 3.2 4.7 1.4 vers?color
Independence 52 6.4 3.2 4.5 1.5 versicolor
4.3 Whitening and 53 6.9 3.1 4.9 1.5 versicolor
Rotation Algorithms 54 5.5 2.3 4.0 1.3 versicolor
Pt 55 6.5 2.8 4.6 1.5  versicolor
4.6 FastiCA 101 6.3 3.3 6.0 2.5  virginica
4.7 ICA Extensions 102 5.8 2.7 5.1 1.9  virginica
4.8 ICAvs. PCA 103 7.1 3.0 5.9 2.1  virginica
;-9 Afﬂlﬂcia' ICA 104 6.3 2.9 5.6 1.8  virginica

xamples ...

4.10 Real World ICA 105 6.5 3.0 5.8 2.2 virginica
Examples
4.11 Kurtosis Table 1: Part of the iris data set with features sepal length,
Maximization sepal width, petal length, and petal width.
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Iris Data Set
Importance of components:

Comp.1 Comp.2 Comp.3 Comp .4
Standard deviation 2.0494032 0.49097143 0.27872586 0.153870700

Proportion of Variance 0.9246187 0.05306648 0.01710261 0.005212184
Cumulative Proportion 0.9246187 0.97768521 0.99478782 1.000000000

the first principal component explains 92% of the variance in the data
—> features are correlated which is captured by PC1
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Multiple Tissue Data Set

gene expression values microarray
human and mouse
102 samples
9,565 genes
different tissue types
» breast (Br)
« prostate (Pr)
* lung (Lu)
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PC3 separates
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tissue separat.
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4 out of 5 genes are highly correlated:

ACPP KLK2 KRTb5 MSMB TRGC2
ACPP 1.000000000 0.97567890 -0.004106762 0.90707887 0.947433227
KLK2 0.975678903 1.00000000 -0.029900946 0.89265825 0.951841913
KRT5 -0.004106762 -0.02990095 1.000000000 -0.05565599 0.008877815
MSMB  0.907078869 0.89265825 -0.055655985 1.00000000 0.870922667
TRGC2 0.947433227 0.95184191 0.008877815 0.87092267 1.000000000

GeneCards database:

« ACPP “is synthesized under androgen regulation and is secreted by
the epithelial cells of the prostate gland”

« KLK2 “is primarily expressed in prostatic tissue and is responsible
for cleaving pro-prostate-specific antigen into its enzymatically
active form” (KLK3 is the PSA gene)

« MSMB “is synthesized by the epithelial cells of the prostate gland
and secreted into the seminal plasma”

Machine Learning: Unsupervised Methods Sepp Hochreiter
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA

genes which are not correlated to each other - clustering & prototype

Correlation of XMultiF4

ek ABP1 ACPP AKR1C1 ALDH1A3 ANXAS APOD
i KxamleéA ABP1 1.00000000 -0.1947766 -0.04224634 -0.21577195 —0.2618053 -0.3791812658
-oheme ACPP  -0.19477662 1.0000000 -0.22929893 0.88190657 -0.2978638 0.4964638048

AKR1C1 -0.04224634 -0.2292989 1.00000000 -0.07536066 0.4697886 -0.1793466620
ALDH1A3 -0.21577195 0.8819066 -0.07536066 1.00000000 -0.1727669 0.4113925823
ANXA8 -0.26180526 -0.2978638 0.46978864 -0.17276688 1.0000000 -0.1863923785
APOD -0.37918127 0.4964638 -0.17934666 0.41139258 -0.1863924 1.0000000000

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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10 uncor-
related
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tissues are
not as well
separated
as with
maximal
variance

-> highly
variable
genes
missed
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3 Principal
Component Analysis

5.1 The Method hierarchical clustering and variance maximization within one cluster:
. 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18

Maximization 682 126 1631 742 347 797 196 104 44 35 5 8 12 5 12 14 5 71

3.3 Uniqueness 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

3.4 Properties PCA 22 8 16 32 48 72 2 93222256 954 7 4 216 26

22 Ez‘:‘:;ff; 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54

' 3 8 42 1 9 1 7 14 1 2 8 3 220 3 2 9 7

4 Independent 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72

Component Analysis 3 2 1 5 2 2 1 i1 3 9 3 3 3 3 1 2 3

4.1 \dentifiability and 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90

Uniqueness 1 1 i 1 2 2 1 3 1 2 1 1 2 1 2 2 1 1
4.2 Measuring 91 92

Independence

4.3 Whitening and 1 1
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

Machine Learning: Unsupervised Methods Sepp Hochreiter



Principal Component Analysis

3 Principal PC1 and PC2

Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples T T | T
3.6 Kernel PCA

10
|

Comp.2(13%)
Comp.3(8%)

Comp.1(24%)
PC1 and PC4

4 Independent
Component Analysis e o0
4.1 Identifiability and w *e ° o
Uniqueness
4.2 Measuring
Independence
4.3 Whitening and °

Rotation Algorithms T I I T
4.4 INFOMAX
4.5 EASI

4.6 FastiCA
4.7 ICA Extensions 4 o o

4.8 ICAvs. PCA © s ", ° °
4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples °

4.11 Kurtosis ' ' ' '
Maximization

10
]
L]

Comp.4(6%)
Comp.3(8%)

Comp.1(24%)
PC2 and PC4
[ ]

10
|

Comp.4(6%)
°
Comp.4(6%)

o

e

o
°

-5
1
]

Comp.2(13%)

Machine Learning: Unsupervised Methods

10

10

10

PC1 and PC3
° o°
...‘ .
o. e °
° 0 o0 .‘

o%ﬁ)oo Q. °
o000 ° o & Lo
Lohsee . by

o ® o. o °
o %
o0
I 1 [ I
-5 0 5 10
Comp.1(24%)
PC2 and PC3
s ® °
o4
°
L] ‘.
o9 °
% e o0 &g,
e © Og O o %o
Ll
. °
L4 ot
e [
T T T
-5 0 5 10
Comp.2(13%)
PC3 and PC4
°
.' ..
L [} e ®
o L] ° °®
. ° '.. 9 °, o ©® e
° \d e
s °° oo ] °
s *x%
°® &
e, 9

Comp.3(8%)

L

92 genes
uncorrelated
but maximal
variance

very similar
to variance
based
feature
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Correlation as distance measure for clustering

Genes 2964 and 4663 are constant!
First remove these genes

Machine Learning: Unsupervised Methods
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L

Kernel Principal Component Analysis or kernel PCA (KPCA)
extends PCA to nonlinear projections using kernel techniques

linear operations of PCA are performed in a reproducing kernel Hilbert
space to which the vectors are non-linearly mapped

xr — P(x)
Assume data is centered in the feature space:
n
Z@(wi) = 0 covariance matrix in feature space is given by
i=1
1 > v gram matrix:
= 2 B 2 K: Ky = 87(z;)®(x:)
We search for

Cw = Aw Problem: we only have

Kij = k(z;,z;) = ®7(x;)®(x;)

Sepp Hochreiter
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comarntanayss | PYiNCipal components can be only in directions, where the data

3.1 The Method has variance (PCA maximizes the variance).

3.2 Variance
Maximization

3.3 Uniqueness We restrict the solutions to the span of {<I>(:B1), cee <I>(a:n)}

3.4 Properties PCA

3.5 Examples

V1 <s<mn: ()\ w)T<I>(a:S) = A qu:)(;cS) —

Cw = )\
4 Independent (C w)T<I>(:1:s) — wTC q)(ms) v v

Component Analysis
4.1 Identifiability and . . . .
Uniqueness The solutions of these equations are unique in the span of the mapped

4.2 Measuring data vectors and correspond to eigenvectors of C' in the span.

Independence n
4.3 Whitening and . . . .
Rotation Algorithms w = E Q; @ (mZ) Insertlng this equatlon gives
4.4 INFOMAX
4.5 EASI 1=1
4.6 FastiCA n
4.7 ICA Extensions
4.8 ICAvs. PCA A Z (87 <I>T(asz-)<I>(:Bs) =
4.9 Artificial ICA .

=1
Examples
4.10 Real World ICA n n

o e S o S @7 (@) (@) 7 (xy)) | @)
j=1

Maximization n .
=1

Machine Learning: Unsupervised Methods Sepp Hochreiter
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L

Gram matrix K with K;; = &1 (z;)®(x;)
We obtain from the lastequation: n A\ K a = K? o

solve the eigenvalue problem n A a = K «

The eigenvectors have to have length 1:

(n,n)
1 = wiw = Z o O ‘I’T(mj)q’(mi) =
ij=(1,1)
(n,n)
Y oo Ky = o'Ka =nia’a
t7=(1,1)
i faf? = 1 e
1 @ _
la| = lall vV A

Vn A

Sepp Hochreiter
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The projection onto the eigenvectors can be computed as
wi®(x) = ) o T (2)®(x) = ) o k(i)
=1 1=1

data centering in feature space:

n T n
D) — 8| (®@) - Y (@) =
(@) B(x;) — > BT (@)B(x;) — > BT (@) B(w) +
1 (n,n) ) )
LY (@)
(s,t)=(1,1)

Sepp Hochreiter
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3 Principal 1 n
Component Analysis T N
3.1 The Method n Z(I) (@) ®(@i) =
3.2 Variance t=1
Maximization 1 n
3.3 Uniqueness — Z e (mz)@(mt) —
3.4 Properties PCA n —1
3.5 Examples
3.6 Kemnel PCA ;] @n - 1

= Y ®T(z)®(z) = , 17K 1
4 Independent n (s,6)=(1,1) n
Component Analysis ’ ’
4.1 Ildentifiability and
Uniqueness
4.2 Measuring
Independence 1 1 1
4.3 Whitening and T T T T
Rotation Algorithms K- K11 - —11'K T ) (1 K 1) 11
4.4 INFOMAX n n n

4.5 EASI -
4.6 FastiCA new data point:

cooawmron | k(@) = (k(@,21),.. k(@ @)
4.9 Artificial ICA

Examples
4.10 Real World ICA 1 1 1
Examples kz,) — ~ K1 - —1"k(z,)1 + — (1'K 1)1
4.11 Kurtosis n n n
Maximization

1
n

1TK]

centered kernel matrix:

Machine Learning: Unsupervised Methods Sepp Hochreiter
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L

Given: gram matrix K with K;; = k(z;, ;)
Centering

center the Gram matrix K &k - %Kl 1 - %1 1K + % 1"k 1)117
Eigenvalues

compute eigenvectors a and eigenvalues A\ of the Gram matrix K
Normalization o

normalize eigenvectors o ™ = W
Projection of a new vector

project a new vector & onto eigenvectors by center and project it

k(x,.) — g1t 17k(z, )1 + (1"K 1)1

n n n2

wl®(x) = Za &7 (x;)®(x) = Za k(x;,x)

Sepp Hochreiter
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K X
* x 7
P e
= K = N
S N Yo -‘":"_
7 ﬁ i A
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3.1 The Method yy
3.3 Uniqueness 0 5HAIIHE
3.6 Kernel PCA I
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Examples
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Independent component analysis (ICA): statistically independent
components

ICA differs from PCA:

» |CA does not maximize the variance,
« |CA does not enforce orthogonal projection or demixing matrices,
« |CA aims at statistically independent components,

» |CA components are not ranked.
Uvy

Generative: & — independent sources:

l
Descriptive: Yy = W x p(y) = Hp(yj) [<m
W =U"! =1
T
matrix decomposition: X — Y U
YTY = D,, - decorrelated but even statistically independent

U is not required to be orthogonal
Sepp Hochreiter
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!
The outer product representationis X = Z yju?
7j=1

u; j-th column vector of U
Y;  j -th column vecton}6f

two speakers speak independently; microphones record acoustic signals

| r-.
Blind Source | b Sgl;ifilsd
Separation / Siqnale
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ICA vs. PCA
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ICA solution is not unique: z = U P~' Py

another solutionY’ wehaveY' = PY
with Y'Y’ = D!

Theorem 1 (Darmois’ theorem (1953))
Define the two random variables x1 and xo as

m m
x] = Zajyj and T = ijyj
j=1 j=1

where y; are independent random variables. Then if 1 and xo are independent,
all variables y; for which a;b; # 0 are Gaussian.

if two variables are independent from each other and they are a
weighted sum of independent variables, then they are constructed by
mutually different variables.

The exception in the theorem are Gaussian distributions.
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3 Principal

Component Analysis Y/ — P Y

3.1 The Method

3.2 Variance P cannot mix the statistically independent components of y
Maximization . ) . ]

3.3 Uniqueness = P is a product of a permutation and a scaling matrix

3.4 Properties PCA

3.5 Examples . ] . .

3.6 Kernel PCA The ICA solution is for non-Gaussian sources unique up to
4 Independent permutation and scaling

Component Analysis

4.1 Identifiability and : .

Uniquenss ICA assumptlgns.

4.2 Measuring * non-Gaussian sources

Independence o .

4.3 Whitening and [ < m atleast as many observation as sources

Rotation Algorithms o U haS fu” rank l

4.4 INFOMAX

4.5 EASI

4.6 FastiCA Let ] = m and U~1 € R™*™ exists > generative framework
4.7 ICA Extensions

4.8 ICAvs.PCA

4.9 Artificial ICA generative framework: assumptions on the densities p(y;)
Examples

4.10 Real World ICA

Eﬁm;'es approximated by super-Gaussians or unimodal distributions
. urtosis

Maximization
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Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

objective for measuring independence
pWi | Y1, s Yim1, Yir 1y 91) = P(yi)

more than pairwise independence
Two criteria for independence:

« mutual information between components
« non-Gaussianity of components
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Mutual information: entropy of a factorial code is larger than the
entropy of the joint distribution

l
I(y1,...,y) = ZH(’yj) — H(y)

where H denotes the entropy H(a) = — / p(a) Inp(a) da

y = Wx

I(Y1,. . Ym) = ZH(yj) — H(z) — In|W|

where |W| is the absolute value of the determinant p(y) = m

Sepp Hochreiter
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Non-Gaussianity

Negentropy: J(y) = H(Ygauss) — H(Y)

where Ygauss is @ Gaussian random vector with the same covariance
matrix as y

maximizing the negentropy = minimizes mutual information
Gaussian: distribution with max. entropy given mean and variance

—> negentropy is closely related to entropy maximization

estimation of the negentropy is difficult

Machine Learning: Unsupervised Methods Sepp Hochreiter
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non-Gaussianity is measured by other parameters, e.g.
fourth cummulant (the kurtosis E(z*) / E(z?)?)

k1 = E(x) =0

0 Gaussians:
K2 E(z”) ks =kg =0
k3 = E(z°)
ke = E@*) — 3(E(z?)’

positive kurtosis: super-Gaussians (smaller tails than Gaussians)
negative kurtosis: sub-Gaussians (larger tails than Gaussians)

Forxiand Tz independent:  k4(z1 + z2) = Ka(x1) + Ka(x2)

ot ka(x)

ke(a )

For super-Gaussians the kurtosis should be maximized because
mixtures have a smaller kurtosis than the original sources.
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maximizing the kurtosis = maximizing the sparseness

Sparseness: variable rarely deviates from zero; it deviates the values
are relatively large compared to Gaussian with the same variance.
—> sparseness does not mean small variance

..;hll.*u- l_-l-l L
- ‘ am [ B |
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kurtosis: fourth moments - not robust; affected by outliers

contrast functions: measure independence of the variables:

kurtosis: r4(y)

1,2 1,2 . : :
12 rk3(y) + 48 k1(y), where the variable y is normalized to zero
mean and unit variance

|E,(G(y)) — E,(G(v))|’, where v is a standardized Gaussian, p=1,2,
and y is normalized to zero mean and unit variance. Here GG can be
the kurtosis for which G(v)=0 would hold. Other choices for G are
G(x) = log cosh(ax) and G(z) = exp(—ax?/2) with a > 1

Sepp Hochreiter
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whitening and rotation

independence measured by non-Gaussianity, e.g. FastICA

whitened or sphered data: YT v

I X =YU”T

L

Y = XUT

first step in ICA: sphere data because ICA is not unique up to scaling

I =

A

U =

Y =

c2 L xTx 2 = Loy yTyut ot = oo
n n n
C

1/2 U UT C—1/2

S

Vn —1/2 ~1/277—T
X C Cl/2y _
Vn

1

J/n

XCcV2yT =

1

N

L c-12y f?cxthogonal C~1/2 is symmetric 7T is orthogonal

XCc\2y

First whitening X C~1/2 then determine orthogonal U (rotation)

Objective of rotation is super-Gaussian (kurtosis) or sparseness

Machine Learning: Unsupervised Methods
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3 Principal

Somponent Analysi INFOMAX minimizes the mutual information between components
3.2 Variance

the entropy H (g(y)) is maximized, where g(¥) = (9(1),9(32),- -, 9(%))

3.3 Uniqueness

3.4 Properties PCA y — W T

3.5 Examples !
Maximal entropy: I(g(1),--.,9(w)) = ZH(g(yj)) — H(g(y)) = 0

3.6 Kernel PCA

4 Independent
Component Analysis o ]
4.1 Identifiability and and the components (g(v1), - - -, 9(y:)) are statistically independent
Uniqueness
4.2 Measuring )
Independence common choice: g(y;) = tanh(y;)
4.3 Whitening and
Rotation Algorithms

- 9g(y)

og(y) dy| ~ _ pla) |21 W‘

4.5 EASI p(g(y)) = p(a:)| oy Ox

4.6 FastICA

4.7 ICA Extensions
4.8 ICAvs. PCA O

4.9 Artificial ICA g(y)W‘ —
Examples

4.10 Real World ICA : oA . _ .
i generative framework: ¢'(y;) = p(v;)

4.1 Kurtosis g represents a (transformed) probability function

Maximization
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3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

Entropy: H(g(y))

yi = W,

Q

L

l
E(- Inp(g(y))) = Hx) + E[D |Ing'(y))| | + In|W|

=1

n 1
1
Hxz) + >, Ing'(yy)l + n|W|

i=1 j=1

tanh:
4 Independent

Component Analysis
4.1 Ildentifiability and

, 0
g(y;) = tanh(y;) gives 5

Ing'(y;) =
wj ng (yJ) g/(yj)

Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

sigmoid:

9(y;) = 1 + e-vi

. 0
gives o - In ¢’ (y;)

9 1 — 2g(y;)) ="

4.5 EASI
4.6 FastiCA 8
4.7 ICA Extensions
4.8 ICAvs. PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

ow
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3 Principal

Component Analysis .
3.1 The Method tanh: 0

3.2 Variance 7H(g(y)) — (WT)_l — 2 g(y) wT

Maximization

3.3 Uniqueness

3.4 Properties PCA Singid:
3.5 Examples a

3.6 Kernel PCA aar () = (WT) B

4 Independent

Component Analysis
4.1 Ildentifiability and
Uniqueness

4.2 Measuring U pdate ru IeS:

Independence -
4.3 Whitening and tanh: TN — 1 T
Rotation Algorithms ‘ 1 / ‘ ‘ / _

4.4 INFOMAX A X ( ) 2 g (y) £
4.5 EASI

4.6 FastICA Singid:
4.7 ICA Extensions

—1
o waon AW o« (W) " + 1 - 29(y) ="
E.):)m:;e; World ICA

Examples
4.11 Kurtosis
Maximization
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3 Principal Natural Gradient multiplied with w”w

Component Analysis
3.1 The Method
3.2 Variance

Maximization -
3.3 Uniqueness tanh:

5 Exmmplos AW (I — 2 g(y) yT) |44

3.6 Kernel PCA

sigmoid:
4 Independent

otiiioivs AW o (I + (1 — 2g(y)) y') W

Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

2;§ ﬁ:sst,'CA INFOMAX is equivalent to a generative approach using maximum

4.7 ICA Extensions likelihood
4.8 ICAvs. PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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EASI  Equivariant Adaptive Separation via Independence (EASI)

Update rule:

AW « (I —yy' — gy’ + yg'(y)) W

nonlinear functions g are the same contrast functions as for INFOMAX
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FastlCA: probably the most popular ICA algorithm
« whitening and rotation algorithm

« FastICA is a fixed point algorithm (like Oja's rule for PCA)
* kurtosis maximization but extended to other contrast functions

w*" = E(z g(w" z)) — E(¢'(w" z)) w
contrast function: g with derivative g

FastICA has been extended to extract multiple components

Sepp Hochreiter
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3 Principal _ ICA extensions:

Component Analysis .

3.1 The Method * generative approach

o2 varlanee « sub-Gaussian distributions with specific assumptions

3.3 Uniqueness * non-linear extensions which are often not unique

g‘; FE’;‘;F::;Z*: PCA « overcomplete basis more sources than observations [ > m
3.6 Kernel PCA « fewer sources than observations [ < m

4 Independent

Component Analysis ICA vs. PCA:

4.1 Ildentifiability and

Uniquenese independent component analysis principal component analysis
. easuring
Independence causes of the data geometrical abstractions
4.3 Whitening and
e e gonnme statistical independent decorrelated (orthogonal)
4.5 EASI explain super-Gaussians explain all variance
4.6 FastICA
scale invariant not scale invariant

;faﬂ:;al IcA unique up to scale and permutation  unique
;Q:mi‘j:;wm'd ICA assume super-Gauss no assumptions
b koS no ranking ranked by eigenvalues

aximization
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whitening and rotation for artificial data

1,000 data points drawn from uniform distributions:
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3 Principal
Component Analysis
3.1 The Method

3.2 Variance o
Maximization ©
3.3 Uniqueness
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

Mixing gives dependent components: observations

40

4 Independent ”33:?;@‘:, .’;“’
Component Analysis LB O O
4.1 Identifiability and Lpo-(Er e
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms o
4.4 INFOMAX <|\l —
4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

20

PAP @

¥

p

B 10
TS
3

410RealWorldICA | & _
Examples ' | T I T | | |

4.11 Kurtosis -60 -40 -20 0 20 40 60

Maximization
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3.1 The Method
3.2 Variance
Maximization

3.3 Uniqueness
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA N7
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4.2 Measuring
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4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI —
4.6 FastiCA '
4.7 ICA Extensions
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4.10 Real World ICA
Examples I I I | !
4.11 Kurtosis -2 -1 0 1 2
Maximization
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Maximization o o
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3.4 Properties PCA — ] © % %gj ') ogo Cg 6 o) %8000 gg) %(%9
Q
3.5 Examples @%3@)0 B0 9 o ® OO%O 9 @ ©
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= 0oL &P O%Dgggo 0® ©0 00830 OOCS% o
4 Independent oo © 8%
p Waodo £o2%ep 00,0 0 88
Component Analysis 0 | o) og%% QO o)
S %0 oBYP2B %
4.1 Identifiability and g e O™~ Q 30 o5 OO
Uniqueness S 8 @ o%)o%@) OOOO OO(())
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Independent Component Analysis

3 Principal .
Component Analysis SO I Ut| on
3.1 The Method o
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4.2 Measuring °°° ga, %g o%® ©
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Q
Rotation Algorithms T 8 8 %ﬁ?% I
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4.11 Kurtosis %0 4 & & 089,88, 5 g o%ee
o @bocﬁo;e%o@(%oo@og} 58% -
Maximization &% e 5o % 0o° B o 9P %o

Machine Learning: Unsupervised Methods

ey

0L G0 00 S0- -

'l

VS.

40

20

=20

-40

original data

ooCED@
O

OO %g%@? < @ O
| %@agq? ?

¢ oo WEYE

9238 Pog e

OO@ O
@%%8%
- o %co:O o%;

DO%OOO OQ@SSO@@?OGD

8 g @%% @ 00 4o
@ %, i%’o;éé 8§gogc§°
TaBod OoCt@ g

60

Sepp Hochreiter



Independent Component Analysis

3 Principal Toy example with super-Gaussians:

Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

5000

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring S
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

-5000
1

4.10 Real World ICA -5000 0 5000
Examples

4.11 Kurtosis
Maximization
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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Independent Component Analysis

3 Principal Whitening:

Component Analysis
3.1 The Method

3.2 Variance
Maximization o]
3.3 Uniqueness ©
3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA < -

4 Independent
Component Analysis o~ —
4.1 Identifiability and
Uniqueness

4.2 Measuring o
Independence
4.3 Whitening and
Rotation Algorithms o~
4.4 INFOMAX :
4.5 EASI
4.6 FastiCA
4.7 ICA Extensions I
4.8 ICAvs.PCA

4.10 Real World ICA

4.11 Kurtosis
Maximization
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Independent Component Analysis

3 Principal ROtatiOn .

Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA ~

4 Independent
Component Analysis N
4.1 Identifiability and
Uniqueness

4.2 Measuring o -
Independence
4.3 Whitening and
Rotation Algorithms ™~
4.4 INFOMAX '
4.5 EASI
4.6 FastiCA
4.7 ICA Extensions I
4.8 ICAvs.PCA

4.10 Real World ICA
Examples | | |
4.11 Kurtosis -5 0 5
Maximization
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Independent Component Analysis

3 Principal solution VS.

Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA o -

5000

4 Independent D
Component Analysis
4.1 Identifiability and !
Uniqueness ©
4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

-5000
1

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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Independent Component Analysis

3 Principal fastICA:

Component Analysis
3.1 The Method

3.2 Variance
Maximization © —
3.3 Uniqueness
3.4 Properties PCA
3.5 Examples <+ —
3.6 Kernel PCA

4 Independent o —
Component Analysis
4.1 Identifiability and
Uniqueness o -
4.2 Measuring
Independence
4.3 Whitening and o _|
Rotation Algorithms
4.4 INFOMAX

4.5 EASI ~
4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA ©

4.10 Real World ICA -6 -4 -2 0 2 4 6
Examples

4.11 Kurtosis
Maximization
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance ©
Maximization
3.3 Uniqueness

fastICA solution VS. original data

5000

3.4 Properties PCA o
3.5 Examples
3.6 Kernel PCA ° o -

4 Independent
Component Analysis T
4.1 Identifiability and
Uniqueness

4.2 Measuring 6 -4 -2 z 4 6
Independence g _4 o 0 2 4 6
4.3 Whitening and ' ' ' ' ' ' :
Rotation Algorithms
4.4 INFOMAX

4.5 EASI .
4.6 FastiCA
4.7 ICA Extensions o]
4.8 ICAvs.PCA

-5C00
|

4.10 Real World ICA
Examples =7
4.11 Kurtosis
Maximization
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization

L

Iris Data

|ICs ordered according to their impact on the observations given by the
mixing matrix

First independent component explains 90% of the variance in the data

Probably IC1 expresses the size of the blossom
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Independent Component Analysis

3 Principal . IClandiC2
Component Analysis o 4 .
3.1 The Method S RSO ¥ T
3.2 Variance g ‘% o 0> @ % 2a°
. . . E © oo ® 0,0 o®
Maximization 3 o 890 e o0 @ geo
. § 74 &2 Soog © o o°
3.3 Uniqueness R ‘.:'} . R .
3.4 Properties PCA N .
3.5 Examples T T T T T T T
3.6 Kernel PCA 15 -10 -05 00 05 10 15
ICAcomp.1(90%)
IC1 and IC4
4 Independent ™ .
Component Analysis ~ - o © °*, %
—_ [ ]
4.1 Identifiability and R S od %, °,
Uniqueness s o oglle 'o'm'. ° 0
4.2 Measuring g -4° ..“:.o s ° ° d':.;; %
[&]
Independence T e ° .-:.° °
4.3 Whitening and o .
Rotation Algorithms ' ' ' ' ' ' '
4.4 INFOMAX -5 -10 -05 00 05 10 15
’ ICAcomp.1(90%)
4.5 EASI IC2 and IC4
4.6 FastiICA © *
4.7 ICA Extensions N °s °*. o o
g _ e & ° o0
48 ICAvs. PCA = g < {Vé *0'. .
4.9 Artificial ICA g o - 80t e g 8 Tgee
Examples £ 4 ° ° 4 !‘o e °° ¢
s ! ® o0 "o ¢ o
4.10 Real World ICA Y e o0 ¢
Examples i I' * : : . : ,
4.11 Kurtosis -2 -1 0 1 2 3
Maximization ICACOmD.2(5%)
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.11 Kurtosis
Maximization

L

Multiple Tissues Data

« |C1 separates the prostate samples (green) and the breast samples
(red) from the colon samples (orange) and the lung samples (blue).
Thus, IC1 separates internal organ tissues (colon and lung) from
secretory or reproductive organ samples.

+ |C2 separates the prostate samples and the lung samples from the
breast samples and the colon samples.

+ |C3 separates the prostate samples and the colon samples from
the breast samples and the lung samples.

All combinations of the first 3 ICs lead to nice separations except
for breast samples and lung samples for which some samples cannot
be clearly assigned to one of these two classes.
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Independent Component Analysis

3 Principal o IC1 and IC2 <
Component Analysis . 2°° o o o
—_ (o] []
3.1 The Method £ e 2 o 69"0 ® o %0° o8° o
o~
. o o®
3.2 Variance S _ | ° °. ® .
Maximization § o 94° ¢ o
3.3 Uniqueness 5 _ | oo ':o'. o0 ® ® ”(
I
3.4 Properties PCA o e °ce
3.5 Examples T * | T T | T
3.6 Kernel PCA -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
ICAcomp.1(29%)
4 Independent @ o IC1 and IC4 °
Component Analysis o o %o
4.1 |dentifiability and | £ ‘e %6 . .

. T - de o °
Unlqueness. é . oo . o 8 : o .
4.2 Measuring § ° - 0 o;’- . ° :i....

(-]
Independence S _ | o002 ° '.. % °a
4.3 Whitening and IR ERCILR P o
o L]
Rotation Algorithms T T T | T T |
4.4 INFOMAX -15 -10 05 00 0.5 1.0 1.5
4.5 EASI ICAcomp.1(29%)
IC2 IC4
4.6 FastiCA o 2 and s
4.7 ICAExtensions | | ° . o ©
4.8 ICAvs. PCA I R ° . e
4.9 Artificial ICA 3 o otd * o o 28 o
Examples § o - ososh o o o o ¢ °
< "' o8 ™ %@®°
410RealWorldICA [2 _ | o 837, ¢ 0 o .82,
Examples doee ° %% o
o @
4.11 Kurtosis ! ' T
L -1 0 1 2
Maximization
ICAcomp.2(28%)
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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L

genes are correlated to IC1:
"SERPINA7" "LAMB3" "AR"
"SLC39A14" "ATP1B1"  "GSTP1"

"CCNG2"
IILADlll

"KLF5" "CCL20"

androgen receptor (AR) 3rd most related gene to IC1 which separates
prostate and breast samples:

« growth / differentiation of prostate gland is regulated by androgens
« androgens play a role in normal breast physiology
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Independent Component Analysis

3 Principal
Component Analysis
3.1 The Method

3.2 Variance
Maximization

3.3 Uniqueness

3.4 Properties PCA
3.5 Examples

3.6 Kernel PCA

4 Independent
Component Analysis
4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples

4.11 Kurtosis
Maximization
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Independent Component Analysis

L

IC1 and IC2 IC1and IC3

3 Principal e 9 S S ICA Wlth 20
(¢}
ComponentAnalysis | _ |e , c®ee, ° ’s F e % o o - o . °e
3.1 The Method S R o e | £ ol o o components
i % o ® e 'y e 9 © z‘g’_ °
savaines 5 g 1a T TRt SR
Maximization s _ | <o %o, ° ° e o o ° & -
3.3 Uniqueness g o :: o . o> g ° ..°o.°°‘9'.g \,3', :’ o.'.' 30:.’ 00 © result is very
(] . .
3.4 Properties PCA & : o T ou %o 8- e ° similar to 8
3.5E | T T T T T T T T
3.6 Kemel PCA - : 1 : y o 1 - components
ICAcomp.1(12%) ICAcomp.1(12%)
IC1 and IC4 IC2 and IC3
4 Independent o 4 e ° o © prostate
Component Analysis e, eS8 o % o - ° L,
4.1 Identifisbilityand [ o] ~ ° *w% °g ot '3.; ';*ﬁz-' o | & o A (green) are
Uniqueness T - ]%°%e g Ceo e ee % °| ° 6 Separated by
. g T % o o g -
4.2 Measuring g ol o g w 8 0 ° . |IC1andIC2
Independence < ° O o1, e  &oMey %0g 328 b o8
4.3 Whiteni ] ° - ® o0, ° “o ° e® ©
. itening and <« ° o . e .« ©
Rotation Algorithms ' '1 :3 : ; '2 '1 [') : IC3 and IC4
4.4 INFOMAX o ) ) Separate
4.5 EASI comp.1(12%) ICAcomp.2(11%)
4.6 FastiCA IC2 and IC4 IC3 and IC4 some colon
. as ~N L ° e o~ - Y
4.7 ICA Extensions - o ° o & - o, ° (orange)
= o 8 b o o og = -= © o o
4.8ICAvs.PCA S o % 1:5,., S . o §e%°, s o ..‘.“’m o 8 °o
4.9 Artificial ICA R © % © S — | e ® o © .
| B AE I T [ S A  again smatir
< Y ° o < Q- oo
4.10 Real World ICA |2, | o ol . subgoups
Examples <« K < _ ° . found
4.11 Kurtosis ' ' ' ' ' ' ' ' ' ' '
Ni imizafi -2 -1 0 1 -1 0 1 2 3
aximization
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Independent Component Analysis

L

3 Principal
Cor:zzl::ntAnalysis Y1 and Y2 are assumed to be independent from each other and to be super
3.1 The Method Gaussian.
%2 varlenee We show that a linear combination of these signal recovers one of both
3.3 Uniqueness signals by maximizing the kurtosis.
3.4 Properties PCA
R We assume that ¥1 and y2 are zero centered, symmetric (not
skewed), and independent of each other.

4 Independent We obtain following moments and the reconstruction
Component Analysis E(yi) = 0
4.1 Identifiability and ’

Uniqueness ( ) 0, _I_ b
4.2 Measuring E(y?) = v, =

Independence E(yl) Vo y y]' y2
4.3 Whitening and . 2 0 ’

Rotation Algorithms (yl(y2; ’
4.4 INFOMAX E(yi 0,
4SEAS E@3) = 0, If y1 and Y2 are super-Gaussian (have
. as . . .
4.7 ICA Extensions Eyl yzi 0, heavy tails) then the maximal kurtosis
4.8 ICAvs. PCA E(y2 y7 0, i i .
4.9 Artifcial ICA B = mi, of Y is obtained for @=0 or b=0 that is
410 Re W G B = ms Y is proportional to one y;

Examples E(y; yz) 0, L

E(y2 35) = 0,
E(yi ¥3) = v v
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Independent Component Analysis

3 Principal
Component Analysis |  For ¢ we have the moments and the kurtosis:

3.1 The Method
3.2 Variance E(y) =0 ’

Maximization 2\ 2 2

3.3 Uniqueness E(y ) = a" v+ b V2

3.4 Properties PCA E(y3) — 0

3.5 Examples ’

3.6 Kernel PCA E(y*) = a*m; + 6a%b% v, v9 + b* mo
4 Independent a* ml + 6 a? b? V1 V2 + bt mo

Component Analysis 9 9 2
4.1 \dentifiability and (a? v1 + b% v2)

Uniqueness The derivatives of the kurtosis with respect to @ and b are:
4.2 Measuring

Indepe?de.nce % . 4ab2 (CL2 (m1 — 3’0%) V2 — b2’01 (m2 - 3’0%))
Rotaton Agortms | 00 (a%vy + b2vy)°
45 EAS) Ok 4a%b (—a? (m1 — 3v?) vy + b?v1 (Mg — 303))

4.4 INFOMAX

4.6 FastiCA % 9 9. \3
4.7 ICA Extensions (a’ U1 + b ’U2)
4.8 ICAvs. PCA ) ]
4.9 Artificial ICA The solution is: a = 0 or
Examples
4.10 Real World ICA b — O or
Examples

4.11 Kurtosis a21)2 (ml . 3’0%) — bz’Ul (m2 . 31}%)

Maximization
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Independent Component Analysis

3 Principal The second order derivatives are:
Component Analysis 52k 1
3.1 The Method — 4b? (=3a*v; (my — 30v2) v+
3.2 Variance Oa? (a2v; + b2’02)4 ( 1 ( 1 1) 2
Maximization 4 2 212 2 2\ ,,2
3.3 Uniqueness , b 10z (—m2 + 3v2) +ab (5m2v1 +3 (m1 - 8Ul) 'UZ))
3.4 Properties PCA 0°k 1 2( 4 2
= 4 — 3

aamaron 0 T (a0 D

' 3b%v1v9 (—mg + 31)%) + a%p? (3m2vf + (5m1 — 24’0%) fug))
4 Independent o%k 1
Component Analysis 90 0b  (n2 b2 z8ab (a41)1 (ml - 3’”%) V2t
4.1 Identifiability and (a%v1 + b%v,)
Uniqueness b1 vy (mo — 31)%) — 2a%b? (mgv% + (m1 — 611%) vg))
4.2 Measuring 92k
Independence W(a’ 0) =0
4.3 Whitening and ‘2‘ ,
Rotation Algorithms 0°k (0,b) = 4vq (—mz + 3’02) Smaller zero!
4.4 INFOMAX da? b2v3
4.5 EASI 82
4.6 FastiCA 25(0,0) =0
4.7 ICA Extensions 2b ( 2)
4.8 ICAvs. PCA 0%k 4(—mq + 3v1) vo |
4o At 1A o2 (@0) = w20 Smaller zero!
Examples 52k
4.10 Real World ICA = 2(0,b) = 0
Examples Oa Ob
4.11 Kurtosis %k (@,0) = 0
Maximization 8a ob o
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Independent Component Analysis

3 Principal

Component Analysis For the last root of the derivatives we get
3.1 The Method

3.2 Variance 2
v1(mo — 3v
Maximization d — b 1 ( 2 2 )
3.3 Uniqueness Vo (ml _ 3,0%)
3.4 Properties PCA

3.5 Examples 82 82 8’01 (ml . 3,0%)3 ’U% (mz . 3?}%)

3.6 Kernel PCA a, b — a, b —
da? (@) ob? (,0) = mov? + (m1 — 6v?) v%)3

4 Independent
Component Analysis

(
3
4.1 \dentifiability and 8uy (ml — 3”% ) Ug (m2 - 3”% )
2 Wemeumno b2 (v3 (g — 3v3) + 03 (my — 30}))°
Independence

4.3 Whitening and
Rotation Algorithms

4.4 INFOMAX 4 v1 (m2 3v2) 3/2
: 2 4 —9%2

4.5 EASI 02k 8 (m1 _ 301) U2 ( 2)v2)

4.6 FastICA —

4.7 ICA Extensions 2 2 2 3

4.8 1CAvs. PCA da 0b b? (m2'01 + (m1 - 6”1) 'U2)

4.9 Artificial ICA 1/2

Examples (m1 — 3’0%) V2 82k "

4.10 Real World ICA — 5 ~ 5 (a,b)  Smaller zero!
Examples V1 (m2 - 3’02) Oa

Larger zero!
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4 Independent
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4.1 Identifiability and
Uniqueness

4.2 Measuring
Independence

4.3 Whitening and
Rotation Algorithms
4.4 INFOMAX

4.5 EASI

4.6 FastiCA

4.7 ICA Extensions
4.8 ICAvs.PCA

4.9 Artificial ICA
Examples

4.10 Real World ICA
Examples
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The eigenvalues of the Hessian are proportional to

1/2
i (ml—BUf) V9 /
e1 X —
L v1 (Mg — 3v3)
1/2
mq — 3v3) v
eo x 1 + ( ! 1) 2

v1 (Mg — 3v3)
It is impossible that both eigenvalues are negative as required by a

maximum. Therefore the maxima are either @ = 0 or b = 0 for which
the Hessian is negative semidefinite.

If the kurtosis k2 > k1 thena =0

If the kurtosis k1 > ko thenb=0
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L

Factor analysis describes the variability of observations in terms of
unobserved latent variables, called factors, and noise

 factors explain correlation between the variables
* remaining variance is explained by Gaussian noise

factor analysis is a generative approach and models both the noise of
the observations and their correlation

assumptions on the distribution of factors and noise
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<

centered data: {x} = {x1,...,x,}

€T —= Uy + € where ¥ ~ N(©O,I) and € ~ N(0,%)
\_'_’ L'J

signal noise
«  Observations ------=-=====mmmmmmmmmmemem - xr € R™
* NOISE =mmmmmmmmmmm e e € R™
« Factors —--———mmmmmmmmm e y € R
 Factor loading matrix U c RmX!
: : : : arameters
- Diagonal noise covariance matrix ------- ¥ e Rmxm [P

x|y ~ NUy,¥)
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matrix decompositon: X = Y UL + Y

. 1
model assumptions: =~ YTY = I
n
Yt =0
1 T
~ Y'Y =¥
n
we obtain:
;XTXzi(YUT—I—T)T(YUT—I—‘I‘)
1 T T 1 T 1 T T 1 T
— U Y'Y)UT+ UYTY + YTy UuT + - YTY
n n n n
=UU" + @

factor analysis is actually a decomposition of the covariance matrix
C='XTX

into an expression of the two parameter matrices.
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<

fewer factors than features: m > [
diagonal W : noise of the components are is independent

correlations between observations can only be explained by factors
1
decomposition of the covariance matrix: X'x =vut + ¢

parameter estimation>maximum likelihood: expectation-maximization

both parameters explain the variance in the observations:

U explains the dependent part

W explains the independent part
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factor z

loading matrix A

observations x

noise ¢
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L

Estimation of factors: “projection of the data onto the factors”

regression setting: Y = X A _V\llhereAis parameter
least squares solution: A = (X' X) X'y

model assumptions and empirical approximations:

UUT + & = Var(z) ~ :LXTX

U = Cov(z,y) ~ ;XTY
estimation for A : A =E ((XT X)_l) E(X'Y)

- WUT +®) U

Y = X (UUT + ®) U

P>

matrix inversion lemma:

Y =X9v'U (I +Ue'UT)”
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L

!
outer product representation for [ factors: X = Z ujyjr + Y
Jj=1
u; : j-th column vector of U
Y; : j-th row vector of Y

communality ¢; of an observation variable Z; (j-th component of x ):
l
Zk:l /\?k
l
Uii + g1 Ao

proportion in x; explained by the factors

Var(z;) — Var(e;) _
Var(z;)

C; =

Here each factory; contributes:

Like with PCA, the projection onto [ factors maximizes the
variance in the data which can be explained by [ factors.

However factor analysis considers only the signal variance (not noise)
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<

factor projections are orthogonal to each other: ,}LYTY =1

factors are not unique up to orthogonal transformations (rotations):

YU =YVVTUT =Y'U'" with orthogonal V'

projections rotated to make the factors more interpretable or to find
simpler structures:

« Varimax rotation: maximizes the squared loadings of a factor on all
the variables; each factor has either large or small loadings of any
particular variable; each variable is assigned to a factor.

* Quartimax rotation: minimizes the number of factors needed to
explain each variable; each factor explains many variables; in most
cases not interpretable.

« Equimax rotation: compromise between Varimax and Quartimax.
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L

x|z ~ N(Az,¥) z is given -> only noise distribution

First and second moment of the data (factor and noise):

E(x) = E(Az + €) = AE(2) + E(e) = 0,

E(xzz') = E((Az + €)(Az + ¢T) =

AE (z z") AT + AE(2)E(e") + E(2)E(e) AT + E(e€’) =
AAT + @

Distribution of the data:

r ~ N0, AA" + T)

observations are Gaussian distributed
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log-likelihood:

l
log H(Qﬂ')_d/2 |AAT + \Il|_1/2

1=1

exp —; ((mZ)T (AAT + \Il)_1 mz)

maximize the likelihood is difficult;: no closed form

Machine Learning: Unsupervised Methods
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EM-algorithm: hidden states are the factors

Qz(zz) — p(zz' | $i;A01d,\IIOId)

L

“old” is skipped in the following

Zi | ZBi ~ N(uz”mi,Zz”mi)
()" (AAT + ®) A
T — AT (AAT + ®) A

Hzi|xi
Ezilwi

we used
U ~ N(”ﬂuaz'vv) y W o~ N(NUaEuu) 3
Yuww = Covar(u,v) and ¥,, = Covar(v,u) :

viu ~ N (g + TouZpg (U — ) 5 Sow + By Suo)

and

E(zz) = AE(zz2!) = A

Machine Learning: Unsupervised Methods
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i — —-1/2
Qi(z") = 2m) ¥ |S i

1

exXp 9 (zi - I'l'zila:i)T E;z]imz (zi - I*"z73|a3i)

lower bound for the likelihood:
log (p(x* | A, ®)) =
Qz(zz) p<mi7 zi | A7 \Il)
RP Qi(2")
- p(z*, 2" | A, ¥)
Q:(z") log :
e i) Qi(=)

dz*| >

log

dz"
expectation

Ei|gi (f(zz)) = Qi(2%) f(z") dz"
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<

dl [

M-step maximizes log L = 210g (2m) — 210g|\Il| —

1 | 7 | |
— E iy ((2° — A2Y) o1 (2 — A2*
DILRE( )" )

optimality criteria
1
[

[

1 | .

/ 2 W g Euipgi (2) = 0
1=1

[
1 — ) )
Va logﬁ = l;‘l’ 1 A Ezilmi (z (z )T) —

and

[
Velogl =

2

l
o> B (T (2~ AZ) (2f - AZ) @) = 0
=1

vl 4
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L

Solving above equations gives:

1 l - ‘ 1 ! . , -
ADew . sz Ezz|:13’ (z%) 7 ZEzzlmz (zz (z’t)T)
i=1 =1
and
ghew
l
. 1 7 new 1 ) new _i\ 1
dlag l;Equi ((ZB — A Z)(a: — A Z) ) =
1 & 1
. i iNT i 1 new\ 7'
diag 1 i:1w ()" — l;Ezilw" (2) &* (A™Y)
1 ¢ - -
Z z_:lEzﬂ:n’ (zz) AneW(w'L)T +
1 ! . .
Z ZEzqmz (ZZ (ZZ)T) ADnew (AneW)T
=1
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Loading matrix update gives
l l
1 o 1 . .
AV Z ZEzilmi (z” (ZZ)T) = Z sz Ez'ilmi (z’)
=1 1=1
which can be inserted into the update of the noise covariance

l . .
> oneterm 1 i1 Bzijet (27) AV(2)"  cancels

l l
Prev = 1diag Y @ ()T — Y Euip (2Y) 2’ (Arev) "
i=1 i=1
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EM updates:
E-step:
Ezilwz’ (Zz) = Hzi|gi

M-step:
ARew
1< | 1< o -
Z Z:BZ Ezzlwz (ZZ) Z ZEzsz.z (ZZ (ZZ)T)
=1 i=1
\I,new —

l l
1 . 7 ) 7 ) new
ldlag E x' (2" — E E.ijzi (2°) ' (A )r
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5 Factor Analysis

5.1 The Model

Speed Ups:
oa Mo Benols | Matrix inversion lemma: d > p (compute in p-dimensional space)
Soams o | (AAT 4+ ®)T = @ - BTIA(T 4+ ATETIA) T AT

5.5.2 Multiple Tissues

6 Scaling & Projection w~-1 can be evaluated very efficiently - diagonal matrix

6.1 Projection Pursuit
6.2 Multidim. Scaling

6.2.1 The Method covariance C only once computed:

6.2.2 Examples

6.3 Non-negative 1 ! ) .

Matrix Factorization - T . ( 7,) —
6.3.1 The Method I Z T Baijgi (2

6.3.2 Examples =1

6.4 Locally Linear
Embedding 1 L ) T T 1

6.4.1 The Method - 1 1 - _
6.4.2 Examples [ Z L (il) ) (A AT+ \I,) A =
6.5 Isomap =1

6.5.1 The Method 7 1
6.5.2 Examples —
6.6 Topographic Maps C (A A + \I’) A
6.6.1 The Method -1

6.6.2 Examples C (\Il_lA _ P 1A (I + AT‘P_lA) AT‘I’_lA) —
6.7 t-D. Stochastic

Neighbor Embedding

s7imensios | C (A - A(I + B)"'B) 1
6.8 SOM P A=V"'A
651 he einod B— ATU-1A — ATA
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L

[
;Zzz%i =T - AT (AAT + ¥) A
1=1
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6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

l
1 E : T
Z l*l'z“|a:’ ,‘l’z’b|a:7'
=1
1

l
AT (AAT + @) ;Zm (@) ] (AAT + ®) A =
=1

1

AT(AAT + ®)7'C (AAT + ©) A =

(A ~ AT + B)_lB)TC(A ~ A + B)_lB)

sums Zﬁ.:l are removed and the matrix C can be computed
once at the beginning of the iterative procedure

Machine Learning: Unsupervised Methods Sepp Hochreiter



Factor Analysis

5 Factor Analysis
5.1 The Model

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

MAP factor analysis
posterior p(A, ¥ | {x})
likelihood p({x} | A, ¥)
prior p(A)

log-posterior

L

p(A, ¥ | {z}) « p({z}|A,¥)p(A)

log (p(A, ¥ [ {x})) = log(p({z} | A, ¥)) + log(p(A))

example for the prior: rect

ified Gaussian Nrect (A, on)

—> only positive factor loading values

Y ~ N(:U’Avo-A)
)\j = max{yj,()}

Machine Learning: Unsupervised Methods
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Factor Analysis

5 Factor Analysis
5.1 The Model
5.2 MLE FA

5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

factor analysis

causes of the data

explain common variances
variance shared

scale invariant

additive noise (variance lost)
solution not unique

model assumptions
solution depends on [
projection uses noise

no ranking

Machine Learning: Unsupervised Methods

principal component analysis
geometrical abstractions
explain all variance

first [ with max. variance
not scale invariant

No noise

solution unique

no assumptions

first [ unique

Nno noise

ranked by eigenvalues

Sepp Hochreiter



Factor Analysis

5 Factor Analysis
5.1 The Model
5.2 MLE FA

5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

factor analysis

additive noise

solution not unique
assumption: Gauss

projection averaged over noise

solution depends on [

Machine Learning: Unsupervised Methods

L

independent component analysis
No noise

unique up to scale & permutation
assumption: super-Gauss

No noise

does not depend on [

Sepp Hochreiter



Factor Analysis

L

5 Factor Analysis 50-dimensional data set with linearly mixed super-Gaussians

5.2 MLE FA
5.3 FAvs. PCA &ICA

5.5 Real Examples
5.5.1 Iris
5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples -

6.8 SOM 5000 0 5000
6.8.1 The Method
6.8.2 Examples

0 2000 4000 6000
l I
o

-4000
l

-8000
l
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Factor Analysis

5 Factor Analysis . .
5.1 The Model Mixing:
5.2 MLE FA

5.3 FAvs. PCA &ICA

6000

5.5 Real Examples
5.5.1 Iris
5.5.2 Multiple Tissues

4000

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples 0
6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples I I i i i T
6.8 SOM

6.8.1 The Method -4000 -2000 0 2000 4000 6000
6.8.2 Examples

0 2000
I

—-2000
I

-4000
I
o
O
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Factor Analysis

5 Factor Analysis .
5.1 The Model fastICA:
5.2 MLE FA o
5.3 FAvs. PCA &ICA N

5.5 Real Examples
5.5.1 Iris
5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit N
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization O —
6.3.1 The Method
6.3.2 Examples
6.4 Locally Linear
Embedding

6.4.1 The Method N
6.4.2 Examples
6.5 Isomap

6.5.1 The Method
6.5.2 Examples
6.6 Topographic Maps <~ _|
6.6.1 The Method '
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method (o)
6.7.2 Examples I
6.8 SOM | [ | | | |
6.8.1 The Method

6.8.2 Examples -8 -6 -4 -2 0 2 4
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA

5.5 Real Examples
5.5.1 Iris
5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

factor analysis:

demixing is
worse than with
ICA

factor analysis
assumes
normally
distributed
factors while
ICA super-
Gaussians

- |CA better
suited

Machine Learning: Unsupervised Methods

4000 6000

2000

—-2000

-4000

I I | I | | | |
-6000 -4000 -2000 0 2000 4000 6000 8000
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Factor Analysis

5 Factor Analysis
5.1 The Model .
5.2 MLE FA Iris Data Set only one factor:
5.3 FAvs. PCA &ICA
5.4 Artificial Examples Factor Analysis on the Iris Data
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method 0
6.5.2 Examples ? -
6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method I I | | I T l
6.8.2 Examples -1.5 -1.0 -05 0.0 0.5 1.0 1.5

1.5

1.0

0.5

0.0

-1.0

-1.5
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

<

Multiple Tissue Data Set: 4 factors
n features with largest variance ensure a full rank covariance matrix.

Machine Learning: Unsupervised Methods Sepp Hochreiter



Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

ML2

ML4

ML4
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none: FA1 and FA2
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. o e
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e o O
¢ .
e o °g 00 L0 o
° % ©0%° @ .%. ° °
o ° l-f
"f'. $° .0‘.* e o0g® °
e e e °
© . oo

Machine Learning: Unsupervised Methods

ML2

ML3

ML3

ML4

-2 -1

none: FA1 and FA3
o

ML1

o o° ° o ° o
° o
[e] o goo ® o)
o
% ® ) ®
°%e
o. oo . [} ﬁ.iv.oo...:..
o ® . o 0'..‘ ° .. °
e o ° *
®® o o °
°
T T T T T
-2 -1 0 1 2
ML2
none: FA3 and FA4
° e °
® ¢ °

ML3

L

FA without
rotation

FA1
separates
prostate
(green)

FA2 separates
breast (red)
from lung
(blue) >

not very good

FA3 separates
colon (orange)

FA4 separates

part of lung
(blue)
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Factor Analysis

5 Factor Analysis o

varimax: FA1 and FA2

L

varimax: FA1 and FA3
o o

5.1 The Model
5.2 MLE FA ™
5.3 FAvs. PCA &ICA
5.4 Artificial Examples |

5.5 Real Examples o - KO S

5.5.1 Iris oo
5.5.2 Multiple Tissues S I TS

ML3

..f'

6 Scaling & Projection -1
6.1 Projection Pursuit
6.2 Multidim. Scaling

O oe ° FA W|th

b o, oo .
Food . varimax
ot s Y| rotation

e © %0 o

ML3

6.2.1 The Method ~

6.2.2 Examples ~ - o ®o 2 °

6.3 Non-negative _ « 29 ° o
Matrix Factorization | S e . 23’00 s %

6.3.1 The Method = °7 . e ,°° .° .
6.3.2 Examples T R DI ‘.-‘:

6.4 Locally Linear ® . o °
Embedding Dl °

6.4.1 The Method : e

6.4.2 Examples -1 0

6.5 Isomap L2

6.5.1 The Method varimax: FA2 and FA4
6.5.2 Examples ’ °
6.6 Topographic Maps ~ ° e e

6.6.1 The Method - - o o .°. e ©°
6.6.2 Examples - o 34, 2% o 6°° oo
6.7tD. Stochastic  [2 °7°,,°3¢ 3?0 .o
Neighbor Embedding T ° '. “ " s o o

6.7.1 The Method
6.7.2 Examples

ML4

6.8 SOM T T
6.8.1 The Method -2 -1
6.8.2 Examples
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ML1

. , separation
o 1 . .
- is slightly
varimax: FA2 and FA3_ worse that
® fa o 0%0 o° without
Sene e e rotations
....‘.:... ...' .:.. o. 00 ® °
e ..: .\ : °
0 : 2 )
MLA1
varimax: FA3 and FA4
o o, ° ° o oog °° °
b 3‘ ¥ ° °t ° ®
R AL °.
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Factor Analysis

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

ML2

ML4

ML4
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ML3

ML3

ML4
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quartimax: FA1 and FA3

<

o %o e FA with
T ooy e quartimax
Jeoe e . .g=%k | rotation
f ’ ‘.o ° .0 o o ° °
¢ ° oo °0 , .
— result is
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Scaling and Projection Methods

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Machine Learning: Unsupervised Methods

<

projection of the data to a low-dimensional space (“scaling”)
 visualize the data

« represent the data in a low-dimensional space for further
processing:
* model selection using low-complex model classes
* low-dimensional representation can capture only the main
structures
* noise and outliers are not represented

Sepp Hochreiter



Projection Pursuit

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

|6 Scaling & Projection

6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

Machine Learning: Unsupervised Methods

L

Projection pursuit:
least Gaussian (“interesting”) projections of the data

how to define non-Gaussianity?

covariance and mean given: Gaussian distribution maximizes the
entropy

T

Objective: minimize H (t) for t = w' @
t is normalized to zero mean and unit variance

This is difficult to optimize
—> finding unimodal super-Gaussians
—> finding multimodal distributions

Other criteria are given for ICA: kurtosis and different contrast
functions which measure non-Gaussianity

Sepp Hochreiter



Multidimensional Scaling

<

5 Factor Analysi i i i
s1themoss | Multidimensional Scaling (MDS):
5.2 MLE FA

5.3 FAvs. PCA &ICA

>4 pircl mamples | projection to a low-dimensional space while keeping the distances
.5 Real Examples

5.5.10s between data points
5.5.2 Multiple Tissues

6 Scaling & Projection| Y; — f (:137, , ’UJ)
6.1 Projection Pursuit
6.2 Multidim. Scaling . L .

6.2.1 The Method 5’&] ‘ ’ wz m] ||

6.2.2 Exampl .
6.3 Non-negative dz‘j ||yz . yJH goal: d=6

Matrix Factorization
6.3.1 The Method

6.3.2 Examples d. 5 2

6.4 Localy Linear Ri(d,6) = 2oicy (i — 0ij) . Z(d.. — 6::)? “Kruskal's measure”
mbedding - 1] tJ .

6.4.1 The Method ’ > i< 0% penalizes large errors
6.4.2 Examples

6.5 Isomap o N 2 . .
6.5.1 The Method Ry(d, ) = Z (M) fractional (relative)
6.5.2 Examples 2\ Ois

6.6 Topographic Maps i<j LY errors

6.6.1 The Method

2 2
6.6.2 Examples 1 d:: — 5 . d:: — 5 ] B ] .,
6.7 t-D. Stochastic R3 (d’ 5) p— 275 ( 1] 5 'LJ) o< Z ( 1] 5 7«.7) Sammon mapplng
Neighbor Embedding . 044 . —— .. .

6.7.1 The Method 1<y 4 i<j 4 compromise

6.7.2 Examples
6.8 SOM

6.8.1 The Method .
6.8.2 Examples X means factors constant in the parameters w

i<j

1<J

Machine Learning: Unsupervised Methods Sepp Hochreiter



Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling

6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

derivatives used in gradient based methods:

0
Oy

0
8ykR2(d ,0)

0
—— R3(d, ¢
Oy, 3( )

o Ri(d,9)

9 — U
Zz<y 5'&23 ;(dkj B 5kj) " dkj N
5 deg Okj Yk — Yj
JFk 5 dkj
2 dej — Okj Yk — Yj
2i<i i T Ok Ay

R viewed as potential function - derivatives are forces

Machine Learning: Unsupervised Methods
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Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA & ICA
5.4 Artificial Examples
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization
6.3.1 The Method
6.3.2 Examples

6.4 Locally Linear
Embedding

6.4.1 The Method
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples

<

example from Duda, 2001, multidimensional scaling from a
3-dimensional space to a 2-dimensional space (right).

source space

Machine Learning: Unsupervised Methods

V2

largel space
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Multidimensional Scaling

5 Factor Analysis

5.1 The Model

5.2 MLE FA

o A Bemoes | Metric MDS or principal coordinates analysis:
5.5 Real Examples
5.5.1 Iris

5.5.2 Multiple Tissues Euclidean distance - coordinates (embedding)

6 Scaling & Projection
6.1 Projection Pursuit
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples

6.3 Non-negative
Matrix Factorization

6.3.1 The Method metric multidimensional scaling
6.3.2 Examples

6.4 Locally Linear IS applled tO
Embedding . .
6.4.1 The Method the multiple tissue data set
6.4.2 Examples

6.5 Isomap

6.5.1 The Method
6.5.2 Examples

6.6 Topographic Maps
6.6.1 The Method
6.6.2 Examples

6.7 t-D. Stochastic
Neighbor Embedding
6.7.1 The Method
6.7.2 Examples

6.8 SOM

6.8.1 The Method
6.8.2 Examples
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Multidimensional Scaling

<

5 Factor Analysis Metric MDS 101 features
5.1 The Model

5.2 MLE FA

5.3 FAvs. PCA &ICA — o
5.4 Artificial Examples SegehcLayr con MDS for
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Non-negative matrix factorization (NFM)
is @ matrix factorization method where all matrix entries are assumed
to be positive

the non-negativity constraints make the representation of the

observations purely additive: a parts-based representation, where
parts are added to the observation but not subtracted (e.g. images)

X c Rnx'm Y c Rnxl U c Rle

0 < Xj; 0<Yi =|yrli 0<Ujr=][ui;

l
X = YU' = Zyk u;,
k=1
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Objective 1: Kullback-Leibler divergence (positive matrices)

Ay
DAIB) = Y (4 o652 + Ay - By)  for
7

ij

Zij Aij = Zij Bij =1

minimize the Kullback-Leibler divergence D(X | Y U7T) by
gradient descent gives:

ZT:1 Ujk Xij / (Y UT)ij
Z?:l Ujk

Yie. = Yix

©J

7 Z?:l Yik Xij / (Y UT)
I Z?:l Yik

Ujp =
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L

Objective 2: Euclidean distance (Frobenius norm):

I X — YUT|% A - Bl = Y (A4

]

~ By)’

(X U)y
Y UT U)y,
multiply X = Y U”T

(YT X ) L
J from left by YT
(YT Y UT),

multiply X = Y UT
from right by U

Yir Yir

Uik = Uji

For a fixed point, the left and the right hand side have to be equal

NFM has been extended to sparse NFM (both decomposition
matrices); sparse Y -> few parts are present

spares U - few measurements indicate part
For example gene expression: part = pathway, few genes in pathway

and few pathways are active in a sample
Sepp Hochreiter
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L

positive toy data generated by FABIA biclustering package

(1000 genes, 100 samples, 13 biclusters )

gene1l

gene83

gene167

10
|

gene250

gene333

gened17

LU R

gene500

gene583

gene667

gene750

gene833

gene917

gene1000

sample1 sample11 sample21 sample31 sample41 sample51 sample61 sample71 sample81 sample91
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>
The data contains blocks of patterns. For visualization purposes only,

the blocks are constructed by adjacent row or column elements
(blocks are the parts).

noisy data noise-free data
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NMF with sparseness constraints using the fabia package

NMFSC: reconstructed data NMFSC: error
) (1000 genes, 100 samples, 13 biclusters ) 5 (1000 genes, 100 samples, 13 biclusters )
gene | gene -
o | o
- = =
gene83 gene83 = ==
genel67 gene167 == LK|7 ]
«©
gene250 c gene250
gene333 gene333 = e =
- I
417 © _ 417
gene: S gene:
gene500 gene500 ‘LQ
1
genessa geness3 = ==
s = E
o = o
= == o
gene6B7 gene667 = —— X
By
gene750 gene750 e
o
o 0
gene833 gene833 - CI\I
g
gened17 gene917
o o
gene1000 o 9enet000 S AT IITT T T T T I T T T T T AT T oo 9
sample!  sample11 sample21 sample31 sampled1 sample51 sample61 sample71 sample81 sampled1 sample! sample11 sample21 sample31 sample41 sample51 sample61 sample71 sample81 sample91

Machine Learning: Unsupervised Methods Sepp Hochreiter



Non-negative Matrix Factorization

5 Factor Analysis

5.1 The Model NMF sparseness constraint.

5.2 MLE FA
53Favs. Pca aical Not all blocks are detected: too much sparseness enforced

& R Exemameles | > difficult to properly adjust the sparseness parameter
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NMFSC: absolute loadings NMFSC: absolute factors

6 Scaling & Projection (1000 genes, 100 samples, 13 biclusters ) (1000 genes, 100 samples, 13 biclusters )
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genel genel

6 Scaling & Projection
6.1 Projection Pursuit gened?
6.2 Multidim. Scaling
6.2.1 The Method
6.2.2 Examples genez50
6.3 Non-negative
Matrix Factorization
6.3.1 The Method gened17
6.3.2 Examples
6.4 Locally Linear genesto
Embedding

6.4.1 The Method
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FABIA: absolute loadings

(1000 genes, 100 samples, 13 biclusters )
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L

Locally linear embedding (LLE) computes low-dimensional,
neighborhood-preserving embeddings / representations.
LLE performs nonlinear mappings. The objective is

2
k

6(W) = Z r; — ZWija:j Zle W’LJ — ].
i j=1
Optimized by constrained least squares using neighbors @ ; of &;
The solutions of this problem are invariant to rotations, rescalings, and
translations of @;
2
k
Down-projection optimizes &(Y) = ) (v — > Wiy;
where the W;; are fixed : i=1

The representation of x; by its neighbors is transferred to Y;
oY) = S M;; vy, . .
¥) z; Y Y d;5 :1 for =4, 0 otherwise
M;; = 5“- —Wiy — Wy + Zsz Wy
T k optimal embedding: bottom d eigenvectors
M=(-W) {I-W) of M, except the last one
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steps of the
LLE method
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Given: X: n by m matrix consisting of n data items in m dimensions, di-

mension of embedding space [, k number of neighbors, distance measure
Find neighbors in X space
for (i=1;4 > n;i++)do
compute the distance from x; to every other point x;
find the k smallest distances
assign the corresponding points to be neighbors of x;
end for
Solve for reconstruction weights W
for (i=1;4 > n;i++)do
create matrix Z consisting of all neighbors of @; [d]
subtract x; from every row of Z
compute the local covariance C = ZT Z [e]
solve linear system Cw =1 for w [f]
set W;; = 0 if j is not a neighbor of 4
set the remaining elements in the i-th row of W equal to w/ ., (w;);
end for
Compute embedding coordinates Y using weights W
create sparse matrix M = (I — W)T(I — W)

find bottom [ + 1 eigenvectors of M (corresponding to the d 4+ 1 smallest

eigenvalues)

set the g-th column of Y to be the g + 1 smallest eigenvector (discard the

bottom eigenvector 1 = (1,1, 1, 1...) with eigenvalue zero)

Result Y: n by [ matrix consisting of [ < m dimensional embedding coordi-

nates.

Machine Learning: Unsupervised Methods
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Machine Learning: Unsupervised Methods

[a]

L

Notation x; and y; denote the i-th row of X and Y (in other words the
data and embedding coordinates of the i-th point),

MT denotes the transpose of matrix M,

I is the identity matrix,

1 is a column vector of all ones

This can be done in a variety of ways, for example above we compute the &
nearest neighbors using Euclidean distance. Other methods such as epsilon-
ball include all points within a certain radius or more sophisticated domain
specific and/or adaptive local distance metrics.

Even for simple neighborhood rules like KNN or epsilon-ball using Euclidean
distance, there are highly efficient techniques for computing the neighbors
of every point, such as KD trees.

Z consists of all rows of X corresponding to the neighbors of x; but not x;
itself

If & > m, the local covariance will not have full rank, and it should be
regularized by setting C' = C' + eI where I is the identity matrix and € is
a small constant of order le-3 trace(C'). This ensures that the system to be
solved in step 2 has a unique solution.
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LLE for Swiss Roll data
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LLE applied to multiple tissues: 101 features with largest variance.

<

results are worse than with other methods: observations not on manifold
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<

Isomap is a low-dimensional embedding method
which computes a quasi-isometric, low-dimensional embedding.
Isomap is similar to LLE and a non-linear projection

» geodesic distance induced by a neighborhood
» geodesic distances:
» shortest distances on a manifold
» shortes path by Dijkstra's algorithm
« sum of edge weights
« largest [ eigenvectors of geodesic distance matrix are coordinates

in projected space

Machine Learning: Unsupervised Methods
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L

doubly centered geodesic distance matrix 7(D)
1
(D) = — o H D* H
where D? = D?. = D?; is the element-wise square of the
geodesic distance matrix

H isthe centeringmatrix H = I, — ~ 117 1=(1,1,...,1)T €R"

— 7(Dy)|| 2

Dy matrix of Euclidean distances in the projected space
D x matrix of geodesic distances
T converts distances to inner products

objective of Isomap: E = ||7(Dx

The objective can be minimized by setting the coordinates y; to the
top [ eigenvectors of the matrix 7(Dx)
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L

Given: distances d(x;, ;) between pairs from n data points in an m-dimensional
space X, parameter k or parameter e
Construct neighborhood graph
Define the graph G over all data points by connecting points x; and x; if
they are closer than e (e-Isomap), or if ¢ is one of the k nearest neighbors of
J (k-Isomap). Closeness and neighborhood is measured by d(z;, ;).
Set edge lengths equal to d(x;, ;).
Compute shortest paths by Floyd’s algorithm
for(i=1;¢ > n;i++)do
for (j=1;45 >n;j++)do
Initialize dg(x;, ;) = d(x;, x;) if ¢, j are linked by an edge; dg(z;i, ;) =
00, otherwise.
end for
end for
for(k=1;k > n; k++)do
for(i=1;¢ > n;i++)do
for (j=1;j > n; j++)do
da(x;, x;) = min{dg(x;, x;), da(xi, Tr) + da(Tr, ;) }.
end for
end for
end for
define shortest path matrix Dx by [Dx]ij = dg(xi, ;)
Construct /-dimensional embedding
Compute )\, as the p-th eigenvalue (in decreasing order) of the matrix 7(Dx),
and vp; as the i-th component of the p-th eigenvector.
set Yis = \/)Ti'vji.
Result Y: coordinate vectors y; in a l-dimensional (I < m) Euclidean space
Y
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Fingers extension
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Isomap (k=6), n=2000 images of a hand opening and closing
movements at different wrist orientations

|

- two-dimensional manifold
* wrist rotation
+ finger extension

Wrist rotation
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tree counts in 1-hectare plots in the Barro Colorado Island

« 50 plots of 1 hectare with counts of trees on each plot

* quadrants are located in a regular grid

« 225 tree species (at least 10 cm in diameter at breast height)
« counts in each one hectare square of forest
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methods:

ord1$points[, 1:2][,2]

ord1$points[, 1:2][,2]
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observations not on a manifold
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Isomap for the multiple tissues data: results not as good as with other
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<

generative topographic mapping (GTM) is a non-linear latent variable
model as an alternative to SOMs to overcome their disadvantages.

GTM is similar to factor analysis as is also maps from the latent
space to the observations space.

Latent variables y € R! are mapped to observations & € R™, m > [

be

B2 ,
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<

latent-variable space: distribution p(y)
observation space: distribution p(x | w)

If points are mapped from a [-dimensional to a m-dimensional space:
probability masses would vanish - Gaussian ball in m-dim. space:
2
B\™ 8
ptlvwd) = (5 ) oy leww) - o

y2 ] ® L
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L

distribution in the m-dimensional space is obtained by integrating
over all & that contribute to a density att:

p(t | w, ) = / p(t | @, w, §) p(x) da

For data poivgts {t1,...,t,}, the log likelihood is

log£ = ) Inp(t; | w,B)
z: .
p(y) = ;D 0y — v
j=1

p(t | w,B) Zptlyg, ,B)

kernel density estimate or constraint Gaussian mixture model
in the m-dim. space with centers mapped from an [-dim. space
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Toy problem involving data (o) generated from a 1-dimensional curve
embedded in 2 dimensions, together with the projected latent points (+)
and their Gaussian noise distributions (filled circles). The initial
configuration is shown on the left, and the result on the right.
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t-distributed stochastic neighbor embedding (£.-SNE) models each

high-dimensional observations by a two- or three-dimensional
representation: similar observations are represented by nearby
projections and dissimilar observations distant representations.

stochastic neighbor embedding (SNE) the similarity
is the conditional probability pj|; that ; would pick x;as its neighbor

exp(—[lzi — x;]|°/207)
2 kzi xp(— @i — @k?/207)

For{x,...,x,} weobtainp;; =

For low-dimensional projections a conditional probability is computed
_exp(lyi — yill®)

2 ks ¥P(=llys — will?)
objective is the Kullback-Leibler divergence between Pand Q:

Dijlq
KL(P|IQ) = Y pjjilog ™ ”"
i dile

dj|i

minimized by gradient descent
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<

objective for the SNE:

« difficult to optimize

« crowding problem
For example in 10 dimensions, it is possible to have 11 data
points that are mutually equidistant but there is no way to
model this faithfully in a two-dimensional map

t-distributed stochastic neighbor embedding, solves these SNE

problems by

« objective of the SNE is symmetrized - simpler gradients

* objective uses Student's t-distribution - heavy-tailed which
reduces the crowding problem and simplifies the optimization
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t-SNE
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4

SNE then UNI-SNE applied to 30-D PCA codes of 5000 MNIST digits
»r- it . h . . .

SNE applied to 30-dimensional PCA codes of 5000 MNIST digits
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(a) Visualization by t-SNE.
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6,000 handwritten digits from the MNIST data set:
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(b) Visualization by Sammon mapping.
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t-SNE is compared to Sammon's mapping, Isomap, and LLE.

(c) Visualization by Isomap.

(d) Visualization by LLE.
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o neysis | faces from the Olivetti data base:
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COIL-20 data set:

t-SNE is compared to Sammon's mapping, Isomap, and LLE.
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(c) Visualization by Isomap. (d) Visualization by LLE.
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multiple tissues data: features with largest variance

The results are not as good as with other methods because the
observations are not located on a 2-dimensional manifold.

tSNE Multiple Tissues Data: perplexity=30
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L

yr € R’ equidistantly fill a hypercube associated with w; € R™,
which are the parameters of the SOM

Data points that are neighbors should be neighbors in the projection
preserve neighborhood relation: topologically ordered maps (TOMS)

on-line update rule:

k = argmax x! w,
S

()™ = we + nd(lye — will)) (@ — wy)

where 7 is the learning rate, ¢ is the window function which is largest
fory: = wyx and is decreasing with the distance to yy .
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Example 1: one-dimensional representation of a two-dimensional
space
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52 MLE FA Example 2 with different initialization. Kinks in the map do not vanish
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Example 2 with a non-uniformly sampling: the density at the center
was higher than at the border
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