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w>X X>w =
∥∥X>w∥∥2

(1)

K = X> Z . (2)

The data vectors (K1j ,K2j , . . . ,KLj) are normalized to zero mean and unit
variance:

1
L

L∑
i=1

(
Kij − K̄j

)2 = 1 and K̄j =
1
L

L∑
i=1

Kij = 0 , (3)

K> 1 = 0 and diag(K>K) = L 1. (4)

The labels are normalized to zero mean:

b =
1
L

L∑
i=1

yi = 0 . (5)

If the P-SVM is used for classification. Primal:

min
w,ξ+,ξ−

1
2
‖X> w‖2 + C1>

(
ξ+ + ξ−

)
(6)

s.t. K>
(
X> w − y

)
+ ξ+ ≥ 0

K>
(
X> w − y

)
− ξ− ≤ 0

0 ≤ ξ+, ξ−
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Lagrangian L:

L =
1
2
w> X X> w + C1>

(
ξ+ + ξ−

)
(7)

−
(
α+
)> (

K>
(
X> w − y

)
+ ξ+

)
+
(
α−
)> (

K>
(
X> w − y

)
− ξ−

)
−
(
µ+
)>

ξ+ −
(
µ−
)>

ξ− . (8)

Dual:

min
α

1
2
α> K> K α − y> K α (9)

s.t. − C 1 ≤ α ≤ C1 ,

We know that

w = Z α . (10)

P-SVM feature selection primal optimization problem:

min
w

1
2
‖X> w‖2 (11)

s.t. K>
(
X> w − y

)
+ ε 1 ≥ 0

K>
(
X> w − y

)
− ε 1 ≤ 0 .

Lagrangian:

L =
1
2
w> X X> w (12)

−
(
α+
)> (

K>
(
X> w − y

)
+ ε 1

)
+
(
α−
)> (

K>
(
X> w − y

)
− ε 1

)
,

w = Z α , (13)

Dual:

min
α+,α−

1
2
(
α+ − α−

)>
K> K

(
α+ − α−

)
(14)

− y> K
(
α+ − α−

)
+ ε 1>

(
α+ + α−

)
s.t. 0 ≤ α+ , 0 ≤ α− .

ε 1>
(
α+ + α−

)
(15)

α =
(
α+ − α−

)
(16)

The Karush-Kuhn-Tucker conditions require:

2



(
α+
)> (

K>
(
X> w − y

)
+ ξ+

)
= 0 (17)(

α−
)> (

K>
(
X> w − y

)
− ξ−

)
= 0 (18)

or (
α+
)> (

K>
(
X> w − y

)
+ ε 1

)
= 0 (19)(

α−
)> (

K>
(
X> w − y

)
− ε 1

)
= 0 (20)

We know that

∂L

∂ξ+i
= C − α+

i − µ+
i = 0 (21)

∂L

∂ξ−i
= C − α−i − µ−i = 0 (22)

(23)

KKT conditions require

ξ+i µ
+
i = 0 (24)

ξ−i µ
−
i = 0 (25)

(26)

Optimality requires

α+
i α
−
i = 0 (27)

because otherwise the term ε 1> (α+ + α−) can be decreased without changing
the other terms in the objective.

α+
i = 0 =⇒ µ+

i = C =⇒ ξ+i = 0 (28)
α−i = 0 =⇒ µ−i = C =⇒ ξ−i = 0 (29)

(30)

Therefore

α+
i > 0 =⇒ α−i = 0 and ξ−i = 0 (31)
α−i > 0 =⇒ α+

i = 0 and ξ+i = 0 (32)

It follows that(
α+

i + α−i
) (
ξ+i + ξ−i

)
= α+

i ξ
+
i + α−i ξ

−
i (33)
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w>X X>w = (34)
α>Z>X X>w =
α>K>X>w =
α>K>X>w − α>K>y + α>K>y

−
(
α+
)>
ξ+ +

(
α+
)>
ξ+ −

(
α−
)>
ξ− +

(
α−
)>
ξ− =(

α+
)> (

K>
(
X> w − y

)
+ ξ+

)
+(

α−
)> (

K>
(
X> w − y

)
− ξ−

)
+

α>K>y +
(
α+
)>
ξ+ +

(
α−
)>
ξ− =

α>K>y +
(
α+
)>
ξ+ +

(
α−
)>
ξ− =

α>K>y +
(
α+ + α−

)> (
ξ+ + ξ−

)
=

α>K>y + |α|>ξ ,

where

|α| = α+ + α− (35)
ξ = ξ+ + ξ− (36)

We have for the optimal values:

w>X X>w = α>K>y + |α|>ξ (37)

Similarly it follows for feature selection

w>X X>w = α>K>y + ε |α|>1 . (38)

var(K) =
1
L

diag(K>K) = 1 (39)

covar(K,y) =
1
L
K>y (40)

var(y) =
1
L
y>y =

1
L
‖y‖2 (41)

corel(K,y) =
covar(K,y)√

var(K)
√

var(y)
=

K>y√
L ‖y‖

(42)

We have

K>y =
√
L ‖y‖ corel(K,y) (43)

and

α>K>y =
√
L ‖y‖ α>corel(K,y) (44)
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For positive correlation coefficient the α is positive, otherwise it is negative,
so that

α>K>y =
√
L ‖y‖ |α|>|corel(K,y)| (45)

w>X X>w = |α|>
(√

L ‖y‖ |corel(K,y)| + ξ
)

(46)

and for feature selection

w>X X>w = |α|>
(√

L ‖y‖ |corel(K,y)| + ε 1
)

(47)

The complexity depends on ‖y‖ which can be used to bring the model into
a canonical form, like scaling y until we have the canonical form of the classical
C-SVM.

Then the complexity is the values |α| weighted by correlation coefficient
between the features given by K and the labels/targets y and the error given
by ε or ξ.

The complexity in the classical SVM is α> 1 = |α|> 1 where all components
of α are equally weighted.

5


